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faster,  notwithstanding  the likelihood of 
nanosecond circuitry.  This,  too,  can be de- 
signed to be generally  recursive and  nest- 
able.8.9 

3) The  general problem is far bigger than 
generalized data searcher.  Lee and  Paull  are 
near  it in their  mention that  the cells them- 
selves should  guide  the flow of information. 
This  asks for  generalizations in which we 
abolish  finally the  distinction between  pro- 
grams  and  data.  In  other  words, we remove 
the  “atom” from McCarthy’s recursive 
logic,8 or we remove  the  “individual” from 
Russell’s logical theory of types. 

Incidentally,  input rr5x3fi to  the  memory 
stringlo  would cause it to write  out  the  string 
aaxlfialx?8ajx38~xafiand not  the  string  stated. 

R.  P. EDWARDS 
Sperry  Rand  Internat’l Corp. 

Lausanne,  Switzerland 

expressions and  their  computation  by  machine,” 
8 J. McCarthy,  “Recursive  functions of symbolic 

Commun. A C M ,  vol. 3, pp. 184-195; April, 1960. 
9- VA b ’ 

computation”, in “Computer  Programming  and  For- 
, asis for  a  mathematical  theory of 

mal  Systems ” P. Braffort  and D. Hirschberg. E d 3  
North  Holland  Publishlng Co.. Amsterdam,  Hollandf 
1963. 

l o  See Lee and Paull, op. cif . ,  p. 929. 

Relationships between Different 
Kinds of Network Parameters, 
Not Assuming Reciprocity or 
Equality of the Waveguide or 
Transmission Line  Characteristic 
Impedances* 

I t  is well known that linear networks 
can be characterized  by different sets of 
parameters,  and  these different sets of 
parameters  are  each  related,  one  to  the 
other.  Tables  have been  published’,’  giving 
various  relationships for two  terminal-pair 
network  parameters, or two  ports,  and  they 
are useful in the  analysis  both of lumped 
element  circuits  and of waveguide  junctions. 

I t  is  noted however that in these  tabula- 
tions,  the  assumptions  are  often  made  that 
1 )  nonreciprocal behavior  is  excluded, or 
ruled  out at the  beginning  and 2 )  the  char- 
acteristic  impedances of the  waveguide leads 
of transmission lines furnishing access to 
the  network or junction  are  all  equal t o  
each  other. 

Nonreciprocal behavior  is becoming 
commonplace  and  the choice of unequal 
characteristic  impedances  is  frequently use- 
ful. 

Therefore,  the following more general 
table of relationships  between different sets 
of parameters is felt to  be timely  and useful. 

* Received June 24.1962. 
1 E. A. Guillemin  ‘Communication  Networks ” 

John Wiley and Sons,’Inc.. New  York.  N. Y.. vol. I i .  
pp. 137-138;  1935. 

tion of linear two-port  networks,” I R E  TRANS. ON 
2 E. F. Bolinder,  “Note on the  matrix  representa- 

CIRCUIT THEORY, (Correspondence); vol. CT-4,  pp. 337- 
339; December. 1957. 

TABLE I 

t f 
I I 

I I I j 2 0 2  

Y11  Yl2 
A 

1 

In order to keep  it of reasonable  length the 
number of parameters  was  limited,  but 
those chosen  were selected  because  they  are 
widely used. 

The  sets of parameters chosen  were 
impedance Z, admittance Y ,  general  circuit 
constants ABCD, scattering S and  wave 
cascading coefficients r. They  are defined in 
the following equations, which relate  the 
terminal  variables u and i and a and b in 
one  waveguide to those in the  other wave- 
guide. 

In matrix  form, 

3 = zi, i = Ytl 
b = Sa 

Note  that  the  terminal  surfaces 1 and 2 may 
be  replaced  by  terminal  pairs  when con- 
sidering  two  terminal-pair  networks. 

R. W. BEATTY 
D. M. KERNS 

National  Bureau of Standards 
Boulder, Colo. 
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Fig. 1-Temperature dependence of 
Hall mobility PH for CdS films. 
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Fig. 2-Temperature dependence of the resistivity p 
of CdS films. The  ordinate is normalized at  40001;. 

of the reciprocal of the free-charge density, 
the sum of the activation energies for the 
mobility and  the Hall coefficient should 
equal the activation energy of the resistivity, 
as is obsened. 

DISCUSSION 
The observation of an exponential de- 

pendence for Hall mobility on temperature 
in deposited CdS films  was  first reported by 
Berger.3 Such a dependence has also been 
found in deposited films of PbS, and, follow- 
ing the analysis of Petritz,‘ it is often ascribed 

krn frkhaufgkampfter  CdSSchichten (I). Phys. 
a H Eerger “ h r  das Ausheilen von Giiterfeh- 

SIalusSdidi. VO!. 1, op. 739-757; July, 1961. 
4 R. L. Petntz,  Theory of photoconductivity  in 

semiconductor films.” Phys. Rev., vol.  104, PP. 1508- 
1516; December. 1956. 
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Fig. I-Temperature dependence of the Hall constant 
RH for deposited CdS films. The ordinate is nor- 
malized at  W K .  

to scattering a t  the boundaries between the 
small crystallites which make up  the film. 
There is  reason to doubt  this hypothesis 
chiefly because of the near independence of 
the observed Hall-mobility value on crystal- 
lite size. This view  is corroborated by 
Berger.3  iVork  is  now  going  on  in this labora- 
tory to ascertain whether or not the observed 
mobility dependence is not resultant from 
the large deeptrap densities that  are known 
to characterize these films. This information 
is  being sought through photo-Hall effect 
measurements, and through thermally- 

stimulated trap emptying studies. Present 
technology in this effort permits the fabrica- 
tion of films with significantly higher mobili- 
ties and resistivities than those discussed 
in this communication. 

R. S.  MULLER 
B. G. WATKINS 

Elec. Engrg. Dept. 
University of California 

Berkeley, Calif. 

Correction to “Relationships 
between Different Kinds of 
Network Parameters, Not 
Assuming Reciprocity or Equality 
of the Waveguide or Transmission 
Line  Characteristics Impedancesn1 

The following has been  called to  the  at- 
tention of the Editor. In the relationship 
having the S-matrix on the left and expres- 
sions involving A ,  B ,  C, D,  ZOI and Z O ~  on the 
right,  a plus sign should appear in the de- 
nominator between the terms (B+CZolZm) 
and (A& + DZoi). 

R. W .  BEATTY 
D. M. KEARNS 

National Bureau of Standards 
Boulder, Colo. 

Manuscript received February 11, 1964. 

(Correspondence), vol. 51. p. 84; Januar;, 1964. 
R. W. Beatty  and D. M. Kearns PROC. IEEE 

Considerations Regarding the Use 
of Semiconductor Heterojunctions 
for  Laser  Operation 

In a recent communication,’ Krwmer 
has proposed a new injection scheme using 
heterojunction’s for possible laser action, in 
which an indirect-gap semiconductor, say 
G e ,  is sandwiched between two direct-gap 
semiconductors of opposite types, say n- 
and p-type GaXs. In our laboratory, we also 
have considered the feasibility of using 
heterojunctions for laser w-ork based on a 
different scheme. Kroemer’s proposal pre- 
supposes that 1) injected electrons and holes 
would be trapped in the center region by 
potential barriers a t  the two heterojunctions 
and 2 )  laser action would eventually occur 
a t  sufficiently high carrier injection levels. 
The argument presented in  his communica- 
tion, however, is rather vague and mislead- 
ing.  R‘e would  like to discuss theoretical 
considerations in  using heterojunctions for 
laser operation and  to present our scheme in 
view of these considerations. 

search reported herein is made wsmble through sup 
Manuscript received January 3!, 1964. The re- 

and Air Force under grant AF-AFOSR-139-63. 
port received from  the  Departments of Army, Navy 

injection lasers.” PROC. IEEE (Concrpondencr), vol. 
1 H. Kroemer. “A p r o p o d  class of heterojunction 

51, PP. 1782-1783; December, 1963. 
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Conversions Between S, 2, Y ,  h, ABCD, 
and T Parameters which are Valid for 
Complex Source and Load Impedances 

Dean A. Frickey, Member, E E E  

Abstmet--This paper provides tables which contain the con- 
version between the various common two-port parameters, 2, 
Y ,  h, ABCD, S, and T. The conversion are valid for complex 
normalizing impedances. An example is provided which verifies 
the conversions to and from S parameters. 

I. INTRODUCTION 

OST microwave textbooks these days seem to provide M a table of the conversion between the various 2-port 
parameters. These 2-port parameters often include 2 
(impedance), Y (admittance), h (hybrid), ABCD (chain), 
S (scattering), and T (chain scattering or chain transfer). 
While the scattering parameters have been shown [ l ]  to be 
valid for complex normalizing impedances (with positive 
real parts), the tables in [2]-[15] are not valid for complex 
source and load impedances. Often, the tables only provide 
conversions for the cases where port 1 and port 2 normalizing 
impedances are equal, i.e., Zol = 2 0 2  = Z,. Some have 
results in which 201 and ZOZ are normalized to 1. Others 
provide equations for port 1 and port 2 impedances 201 

and 2 0 2  to be unique. However, in all of these cases, the 
results are not valid when the impedances, Zol and Zoz. or 
just 20, are complex. 

Of the two-port parameters mentioned, only the S and T pa- 
rameters are dependent upon the source and load impedances. 
In this paper, the derivations of the conversions from the S and 
T parameters to the other 2-port parameters includes complex 
source and load impedances. The equations developed in this 
work are valid with port 1 and port 2 normalizing impedances 
complex and unique. When the normalizing impedances are 
real, the results simplify to those shown in other references. 
To make the list complete, the conversions between the Z, 
Y ,  h, and ABCD parameters as well as between S and T 
parameters are included. 

II. DERIVATION 
Two-port parameters are defined for a general 2-port net- 

work as shown in Fig. 1. Using the voltages and currents 
defined in this figure, the various 2-port parameters are written 
as 

Manuscript received December 2, 1992; revised April 13, 1993 
The author is with EG&G Idaho, Idaho Falls, ID 83415. 
IEEE Log Number 9214525. 
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NETWORK 

Fig. I .  A general two-port network with voltages and currents defined. 

2 parameters 

Y parameters 

I1 = Y11 ' v, + Y12 ' vz 

I2 = YZl ' Vl + Yzz ' vz, 

S parameters 

0018-9480/94$04.00 0 1994 IEEE 
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PORT TWO-PORT 

NETWORK 

Fig. 2. A general two port network with Q'S  and b's defined. 

T parameters' 

ai = Ti1 . bz + Tis . uz (6a) 

bi = Tzi ' bz + Tzz . az (6b) 

where the a's and b's are shown in Fig. 2 and defined below. 

'Some authors, (e. Rizzi [16]) define the T parameters as bl = 
Ti1 . a2 + Tiz . t z ,  and a1 = Tzi . a2 + Tzzbz. In this case, 
the parameters can just be switched from what is derived in this paper. T11 
and Tzz are switched, Tlz and Tzl are switched. 

where * indicates complex conjugate and Z,,j is the normal- 
izing impedance for the j th port. For two-port networks, Zo1 
and Zoz are the source and load impedances of the system 
in which the S parameters of the two-port are measured or 
calculated. Ij; and Ijr are the incident and reflected currents 
for the j th  port. Knowing that, 

(8) I. - 1.. - I .  
3 - 3% 3~ 

we can solve (7a) and (7b) for Iji and Ij,. and substitute them 
into (8) to get, 

112 

. (aj - bj). (9) 
I . -  [-I 2 
- zoj + Z& 

Knowing also that, 

(10) v. - v.. 
3 - 31 + 4, 

where Vji and Vj, are the incident and reflected voltage at 
the j th port, we can substitute the expressions for 13; and IjT 
along with 

v.. 3t -I.. - 31 . Z' o j  = 137. Zoj 

into (10) to get, 
112 

. (aj  . Z(;3 + bj . Zoj). (11) 
v,= [-I 2 

zoj + Z& 
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Solving (9) and (11) for a j  and bj gives 

vi - z;, I, 
P(Z0j + Z&)]'/2 ' 

bj  = 

Equations (12) and (13) are (3) and (4) in [ I ]  and served as 
the starting point. 

The notation, S c) Z, indicates the conversion from S 
parameters to 2 parameters and Z parameters to S parameters. 
Since S and T parameters are defined in terms of a's and 
b's, they will contain the source and load normalizing imped- 
ances Zol and 2 0 2 .  The other 2-port parameters are defined 
independent of the source and load impedances. 

To derive the conversions, S c) Z, S - Y ,  S ct h, 
' S -  ABCD, Ti+ Z ,  T - Y ,  T - h, a n d T  u ABCD, it 
is necessary to use (9), (11)-(13). For example, to derive the 
expressions for S parameters in terms of the Z parameters, 
first substitute (9) and (11) into (la) and (lb) and solve for bl 

and b2 to get in the form of (5a) and (5b). Likewise, to get the 
expressions for the 2 parameters in terms of the S parameters, 
substitute (12) and (13) into (5a) and (5b) and solve for VI 
and V2 to get in the form of (la) and (lb). 

Since Z, Y, h, and ABCD parameters do not require 
normalizing impedances, the conversions, 2 - Y, Z - h, 
Z u ABCD, Y u h, Y ct ABCD, and h * ABCD, 
as well as S tt T,  are straight forward. These conversions 
are accomplished by rearranging one set of equations into the 
form of the other. These conversions appear in many of the 
references cited and are included here for completeness. 

111. RESULTS 
The results are given in the following tables. In these tables, 

20, and ZOZ are the source and load impedances of the system 
to which the S and T parameters pertain. Complex conjugate 
is indicated by *, and and Roz are the real parts of ZO, 

Table I gives the conversions between S parameters and Z ,  
Y, h, and ABCD parameters. Table I1 gives the conversions 

and Zoz. 
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TABLE m 
EQUATIONS FOR THE CONVERSION BETWEEN s PARAMEIERS AND NORMALIZED 2, Y ,  h, 

AND ABCD PARAMETERS WITH A SOURCE IMPEDANCE ZOI AND LOAD IMPEDANCE ZOZ 

Zll" = 
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between T parameters and 2, Y ,  h, and ABCD parameters. 
Tables 111 and IV provide the conversions from S and T 
parameters to the normalized Z, Y ,  h, and ABCD parameters, 
respectively. From Tables I11 and IV, it is easy to see that if 
Zol and ZOZ are real, the conversions become those shown in 
many of the references cited, e.g., [21, [41, 171, 181, [ I l l ,  1121, 
[14], [IS]. Finally, Table V shows the conversions between 
Z, Y ,  h, and ABCD parameters while Table VI shows the 
conversions between S and T parameters. These are included 
to make the table of conversions in this paper complete. 

IV. V E ~ C A T I O N  

Using PSPICE, a SPICE based circuit analysis program, a 
lumped element model of an NE32000 HEMT was analyzed. 
The netlist was taken from the NEC databook and is shown 
below: 

g l  5 6 3 4 0.045 
Ig 1 2 O.lnh 
r g 2 3 2  

cgd 3 5 0.016pf 
cdg 5 4 6.7ff 
r i 4 6 4  
rs 6 I 3.5 
1s 7 10 0.03nh 
rds 5 6 200 
cds 5 6 7.2ff 
r d 5 8 4  
Id 8 9 0.09nh. 

cgs 3 4 0.2pf 

By properly configuring a source at first port 1 then port 2, and 
opening and shorting out the other port, PSPICE will provide 
the complex voltages and currents required to calculate the 
2, Y ,  h, and ABCD parameters. Tables VI1 and VI11 show 
the voltages and currents from PSPICE under the conditions 
listed in those tables. The Z ,  Y ,  h, and ABCD parameters are 
calculated from these using (1)-(4) and are shown in Table IX. 

The NE32000 lumped element model was also analyzed 
using Super Compact. For no particular reason, I chose to 

TABLE VI 
EOUATIONS SHOWING THE CONVERSIONS BETWEEN s AND T PARAMETERS 

TI, = 1 

T i 2  = e 
SI1 = * s2 1 

S I 2  = ” 22TI1 
T T - - T I Z T ~ ~  

calculate the S parameters for the NE32000 in a system with a 
source impedance, Zol, equal to 70+j 30 and load impedance, 
ZO,, equal to 25-3 35 at the single frequency of 10 GHz. The 
results of the Super Compact analysis are shown in Table X. 

If a person uses the Z, Y ,  h, or ABCD parameters of 
Table IX, in the equations of Table I, with Z O ~  = 70+j 30 and 
ZOZ = 25-j  35, they will find that the calculated S parameters 
agree with those from Super Compact. In a like fashion, using 
the S parameters of Super Compact in the other equations in 
Table I will result in Z, Y ,  h, and ABCD parameters shown 
in Table IX. 

V. CONCLUSION 

This paper developed the equations for converting between 
the various common 2-port parameters, Z ,  Y ,  h, ABCD, S,  
and T .  The equations are derived from the definitions of the 
various 2-port parameters, the definition of aj and b j ,  and 
basic transmission line theory. As a result, the equations are 
completely general and are valid for complex and unique 
source and load impedances. 

The validity of these results is shown by first calculating 
S parameters from Z, Y ,  h, and ABCD parameters for an 
NE32000 HEMT in a system with Zs = 70 + j 30 and 
ZL = 25 - j 35. These results agreed with the S parameters 
produced by Super Compact. Also, beginning with the S 
parameters from Super Compact, the Z, Y ,  h, and ABCD 
parameters are calculated using the equations developed. The 
results are the same as those calculated from the voltages and 
currents produced by PSPICE. 
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TABLE VII 
VOLTAGES AND CURRENTS FOR THE NE32000 HEW AT IO GHz WITH THE SOURCE AT PORT I .  THE VOLTAGES AND CURRENTS ARE DE” IN FTG. 1 

K = l + j O  

I1 v2 I1 I2 

I2 = 0 (Port 2 Open Circuited) V2 = 0 (Port 2 Short Circuited) 

8 .844E-O3+j  2.371E-02 --8.181E+00+j  5.615E+00 2.010E-O3+j  1.292E-02 4 .018E-02- j  1.071E-02 

TABLE VIII 
VOLTAGES AND CURRENTS FOR THE NE32000 HEMT AT 10 GHz WITH THE SOURCE AT PORT 2. THE VOLTAGES AND CURRENTS ARE DEFINED IN FIG. 1 

v , = l + j O  

12 VI 12 11 
VI = 0 (Port 1 Short Circuited) I1 = 0 (Port 1 Open Circuited) 

8 .032E-O3+j  1.119E-03 9.661E-O2+j  1.869E-02 3.949E-O3+j  1.402E-03 4 .741E-05- j  1.286E-03 

TABLE IX 
2, Y ,  h, AND ABCD PARAhzETERS FOR THE NE3200 HEMT AT IO GHz. THESE PARAbETF.RS 
WERE CALCULATED FROM THE VOLTAGES AND C m . 5  IN TABLE5 W AND VIII USING (1)-(4) 
11 12 21 22 

Z 1.380E+01 - j  3.702E+01 1.212E+01 + j  6.395E-01 9 . 5 1 8 E + O l + j  3 .8038+02 l .ZZlE+OZ- j  1 .701E+01 
Y 2.010E-O3+j  1.292E-02 4.741E-05-j  1.286E-03 4 .018E-02- j  1.071E-02 3.949E-O3+j  1.402E-03 
h 1 .176Ef01  - j  7.557E+01 9.661E-O2+j  1.869E-02 -3.370E-01- j 3.1628+00 6.032E-O3+j  1.119E-03 

ABCD -8 .309E-02-j  5.7038-02 -2 ,324E+Ol - j  6 .1948+00 6 .173E-04- j  2.4748-03 3.332E-02-j  3.1278-001 
A B c D 

TABLE X 
Swm COMPACT RESULTS FOR THE NE32000 HEMT 

2s = 7 0 + j  30 ZL = 25 - j 35 
MICROWAVE HARMONICA PC V1.06 File: ne320-l.ckt 25-FEB-92 21:42:46 

Freq MSl l  PSI1 MS21 PS21 MS12 PSI2 MS22 PSZZ MS21 
GHz mag deg mag deg mag deg mag deg dB 

NE320L NE320L NE320L NE320L NE320L NE320L NE320L NE320L NE320L 
1O.ooO 0.665 -121.4 2.194 118.3 0.068 45.3 0.7% -12.4 6.82 
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Syllabus

Network Theory
MODULE-I (9 HOURS) [Online mode: 5 HOURS + 1 Test]
Analysis of Coupled Circuits: Self-inductance and Mutual inductance, Coefficient of coupling, Series connection of coupled
circuits, Dot convention, Ideal Transformer, Analysis of multi-winding coupled circuits, Analysis of single tuned and double
tuned coupled circuits.
Transient Response: Transient study in series RL, RC, and RLC networks by time domain and Laplace transform method with DC 
and AC excitation. Response to step, impulse and ramp inputs of series RL, RC and RLC circuit. 

MODULE-II (7 HOURS) [Online mode: 5 HOURS + 1 Test]
Two Port networks: Types of port Network, short circuit admittance parameter, open circuit impedance parameters,
Transmission parameters, Condition of Reciprocity and Symmetry in two port network, Inter-relationship between parameters,
Input and Output Impedances in terms of two port parameters, Image impedances in terms of ABCD parameters, Ideal two
port devices, ideal transformer. Tee and Pie circuit representation, Cascade and Parallel Connections.

MODULE-III (8 HOURS) [Online mode: 5 HOURS + 1 Test]
Network Functions & Responses: Concept of complex frequency, driving point and transfer functions for one port and two
port network, poles & zeros of network functions, Restriction on Pole and Zero locations of network function, Time domain
behavior and stability from pole-zero plot, Time domain response from pole zero plot.
Three Phase Circuits: Analysis of unbalanced loads, Neutral shift, Symmetrical components, Analysis of unbalanced system,
power in terms of symmetrical components.

MODULE-IV (9 HOURS) [Online mode: 5 HOURS + 1 Test]
Network Synthesis: Realizability concept, Hurwitz property, positive realness, properties of positive real functions, Synthesis of
R-L, R-C and L-C driving point functions, Foster and Cauer forms.

MODULE-V (6 HOURS) [Online mode: 5 HOURS + 1 Test]
Graph theory: Introduction, Linear graph of a network, Tie-set and cut-set schedule, incidence matrix, Analysis of resistive
network using cut-set and tie-set, Dual of a network.
Filters: Classification of filters, Characteristics of ideal filters.
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Text and Reference Books

Recommended Text Books:

1. “Introductory Circuit Analysis”, Robert L. Boylestad, Pearson, 12th ed., 2012.

2. “Network Analysis”, M. E. Van Valkenburg, Pearson, 3rd ed., 2006.

3. “Engineering Circuit Analysis”, W. Hayt, TMH, 2006.

4. “Network Analysis & Synthesis”, Franklin Fa-Kun. Kuo, John Wiley & Sons.
Reference Books:

* “Basic Circuit Theory, Huelsman, PHI, 3rd ed., 

* “HUGHES Electrical and Electronic Technology”, Revised by J. Hiley, K.
Brown, and I. M. Smith, Pearson, 10th ed., 2011.

* “Circuits and Networks”, Sukhija and Nagsarkar, Oxford Univ. Press, 2012.

* “Fundamentals of Electric Circuits”, C. K. Alexander and M. N. O. Sadiku,
McGraw-Hill Higher Education, 3rd ed., 2005.

* “Fundamentals of Electrical Engineering”, L. S. Bobrow, Oxford University
Press, 2nd ed., 2011.

* “Circuit Theory (Analysis and Synthesis)”, A. Chakrabarti, Dhanpat Rai pub.
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Other Important References

The National Programme on Technology Enhanced Learning 

(NPTEL) https://nptel.ac.in/

https://ocw.mit.edu/index.htm
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Course Outcomes

CO1 Analyze coupled circuits and understand the difference between the

steady state and transient response of 1st and 2nd order circuit and

understand the concept of time constant.

CO2 Learn the different parameters of two port network.

CO3 Concept of network function and three phases circuit and know the

difference of balanced and unbalanced system and importance of

complex power and its components.

CO4 Synthesis the electrical network.

CO5 Analyse the network using graph theory and understand the

importance of filters in electrical system.

Upon successful completion of this course, you (students) will be able to
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❖ Special thanks to Oxford University Press, India and 
❖ The University of Tennessee, USA 

Two-Port Analysis
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▪ Review of one ports

▪ Various two-port descriptions

▪ Terminated nonlinear two-ports

▪ Impedance and admittance matrices of  two-ports

▪ Other two-port parameter  matrices

▪ The hybrid matrices

▪ The transmission matrices 

▪ Interconnection of networks

VSSUT, Burla Dr. Gyan Ranjan Biswal Network Theory 



1-port 2-port 2-port 2-port 1-port

Review of one ports
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Review of one ports

Thevenin’s Equivalent Circuit

Norton’s Equivalent Circuit
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LTI one ports

One port 

network
1V

+

-

1I

inZ inY

1

1

I

V
Z in =

1

1
in

I
Y

V
=

Input impedance Input admittance
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Example 1

Determine the input impedance of the circuit in Fig.

Z2

Z3

1I

1I

inZ

2
11

Z

V
III in

in +−==  2(1 )in inV Z I= + 2(1 )inZ Z= +
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Example 2

Determine the output impedance of the circuit in Fig.

Z1

Z3

1I

1I

outZ

outI

outV

+

-

1 1
1

(1 ) out
out

V
I I I

Z
 = − − = + 1

1

out
out

out

V Z
Z

I 
= =

+
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▪ Circuits can be considered by theirs terminal variables

▪ Voltages and currents are terminal’s variables

▪ Complex circuit can be analyzed more easily.

▪ There are many kinds of two port parameters.

A two-port network

Two port 

network
1V 2V

+

-

+

-

1I 2I
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Figure:  The reference directions of the four port variables in a linear two-port network.

• A two-port Network is an electrical

network with two separate ports for

input and output.
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Various two-port descriptions

( )g=i v 1 1 1 2

2 2 1 2

( , )

( , )

i g v v

i g v v

=

=

or

( )r=v i 1 1 1 2

2 2 1 2

( , )

( , )

v r i i

v r i i

=

=

or

Port current
Port voltage

1 1 1 2

2 2 1 2

( , )

( , )

v h i v

i h i v

=

=

Or hybrid
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Impedance Parameters

❖ Impedance parameters are very useful in designing impedance
matching and power distribution system. Two port network can
either be voltage or current driven. The input and output terminal
voltage can be presented as follows:

V1 = z11I1 + z12I2

V2 = z21I1 + z22I2

where impedance parameters of the system is z = 








2221

1211

zz

zz
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Figure:  Definition and conceptual measurement circuits for z parameters.
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z11 = Open-circuit input impedance

z12 = Open-circuit transfer impedance from port 1 to port 2

z21 = Open-circuit transfer impedance from port 2 to port 1

z22 = Open-circuit output impedance
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21 12=z z
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• Determine the z parameters for the circuit:

z11

z21

z12

z22

3.000E+01   

2.000E+01
2.000E+01   

5.000E+01
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Example 

Determine the impedance parameters from the circuit in Fig.

1 2 1 2 1 2

10 10 10
4 ( ) (4 )V I I I I I

s s s
= + + = + +

2 2 1 2 1 2

10 10 10
3 ( ) (3 )V I I I I I

s s s
= + + = + +

11 12

21 22

10 4 10

10 3 10

s

z z s s
Z

z z s

s s

+ 
  

= =   
+  

  

1V

1I
+ -24I

0.1F

3W

+ +

- -
2V

2I

In frequency domain
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Example

Compute the z-parameter of the circuit in Fig.

1 1 1 1 3V R I R I= −

2 3 2 3 3V R I R I= +

1V

1I R2

+ +

- -
2V

2I

R3R1
3I

1 1 3 2 1 2 3 30 ( )R I R I R R R I= − + + + +

31
3 1 2

1 2 3 1 2 3

RR
I I I

R R R R R R
= −

+ + + +

Or the simplest

approach is apply

Delta-Star conversion,

and then solve through

Z-parameter
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2
1 31

1 1 1 2
1 2 3 1 2 3

1 2 3 1 3
1 2

1 2 3 1 2 3

( )

( )

R RR
V R I I

R R R R R R

R R R R R
I I

R R R R R R

= − +
+ + + +

+
= +

+ + + +

2
1 3 3

2 1 3 2
1 2 3 1 2 3

1 3 3 1 2
1 2

1 2 3 1 2 3

( )

( )

R R R
V I R I

R R R R R R

R R R R R
I I

R R R R R R

= + −
+ + + +

+
= +

+ + + +



















++
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++
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=








321
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))(
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Z parameter analysis of terminated two-port

Two port 

network
1V 2V

+

-

+

-

1I 2I

LZ

1 11 12 1

2 21 22 2

V z z I

V z z I

     
=     

     

Z-parameter equations

2 2LV Z I= −

11 12 11

21 22 20 L

z z IV

z z Z I

    
=     

+     
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From Crammer’s rules

1 12

22 22 1
1

11 12 11 22 12 21

21 22

0 ( )

( )

L L

L

L

V z

z Z z Z V
I

z z z z Z z z

z z Z

+ +
= =

+ −

+

The input impedance  Zin

12 21
11

22
in

L

z z
Z z

z Z
= −

+

and

21 1 22 2

21
2 1

22

( )L

L

z I z Z I

z
I I

z Z

= − +

= −
+
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12 21
1 11 1 12 2 11 1

22 L

z z
V z I z I z I

z Z

 
= + = − 

+ 

Gain: 2 1 2 21 21

1 22 22

in L L

s s in s L in L in s

ZV V V Z z Z z

V V V Z Z z Z Z z Z Z Z
= = =

+ + + +

1I

inZ

+

-

sv

sR

11z

12 2z I

LZ

22z

21 1z I
+ +

--

1V 2V

2I

+

-

+

-

Terminated two-port Z-parameter model
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Example:

The circuit in Figure is a two-stage transistor amplifier. The Z-parameters 

for each stage are

6

2 6

1.0262 10 6,790.8
Z

1.0258 10 6,793.5

 
=  

  
1 6

350 2.667
Z

10 6,667

 
=  

−  

Determine a) The input impedance  inZ
b) The  overall voltage gain

c) Check the matching of the load and output impedance

Z1

Stage 1

Z2

Stage 2

0.5W

sV +

- 16W

2
kW

+ +

- -

1V
2V

1I
2I

outI

+

-

outV

inZ 2inZ
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Solution
12 21

2 11
22

6
6 6790.8 1.0258 10

1.0262 10
6793.5 16

3,159

in
L

z z
Z z

z Z
= −

+

 
=  −

+

= W

21

22 22

616(1.0258 10 )

(16 6793.5)3,159

0.7629

out L

L in

V Z z

z Z ZV
=

+


=

+

=
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12 21
11

22 1

62.667 10
350

6667 1224.7

687.9

in
L

z z
Z z

z Z
= −

+


= +

+

= W

2 1 21

1 22

61224.7 10

1224.7 6667 75 687.9

203.4

L

L s ins

V Z z

Z z Z ZV
=

+ +

 − 
=    + +  

= −

W=== 7.12243159//2000//2 21 inL ZkZ

2 1 2 21 21

1 22 22

in L L

s s in s L in L in s

ZV V V Z z Z z

V V V Z Z z Z Z z Z Z Z
= = =

+ + + +

0.902 225.6
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The overall voltage gain

VV

V

V

V

V

V

V
A

s

out

s

out
VS

/2.155

)4.203(7629.0

2

2

−=

−=

==

Out put impedance

02

2

=

=

sV

out
I

V
Z

Job for you… To show that?

12 21
22

11
out

s

z z
Z z

R z
= −

+
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Thus, the load is closely matched to the output impedance.

12 21
1 22

11

62.667 10
6667

0.5 350

14.276 k

out
s

z z
Z z

R z
= −

+


= +

+

= W

2 1 // 2 1.7542 ks outR Z k= = W

6

6

6790.8 1.0258 10
6793.5

1754.24 1.0262 10

16.93

outZ
 

= −
+ 

= W

VSSUT, Burla Dr. Gyan Ranjan Biswal Network Theory 



VSSUT, Burla Dr. Gyan Ranjan Biswal Network Theory 



Admittance Parameters

• Admittance parameters are very useful for describing the network
when impedance parameters may not be existed. This is solved by
finding the second set of parameters by expressing the terminal
current in term of the voltage. The input and output terminal
current can be presented as follows:

I1 = y11V1 + y12V2

I2 = y21V1 + y22V2

where admittance parameters of the system is y =
11 12

21 22

y y

y y

 
 
 

These parameters are call short-circuited admittance parameters.
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where y11 short-circuit input impedance

y12 short-circuit transfer impedance from port 2 to 1

y21 short-circuit transfer impedance from port 1 to 2

y22 short-circuit output impedance
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Figure:  Definition and conceptual measurement circuits for y parameters.
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y11 = Short-circuit input admittance

y12 = Short-circuit transfer admittance from port 1 to port 2

y21 = Short-circuit transfer admittance from port 2 to port 1

y22 = Short-circuit output admittance
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• Obtain the y parameters for the  network shown:

y11

y21

y12

y22

7.500E-01 

-5.000E-01

-5.000E-01   

6.250E-01
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• Determine the y parameters for the T network shown:

y11

y21

y12

y22

1.500E-01 

-2.500E-01

-5.000E-02   

2.500E-01
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12 21
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Example 

Determine the admittance parameters from the circuit in Fig.

1V 2V
+

-

+

-

1I 2I
Y2

Y1 Y3

10.5V

1 1 1 2 1 2 1 2 1 2 2( ) ( )I Y V Y V V Y Y V Y V= + − = + −

2 1 3 2 2 2 1 2 1 2 3 20.5 ( ) (0.5 ) ( )I V Y V Y V V Y V Y Y V= + + − = − + +

1 2 21 1

2 2 32 20.5

Y Y YI V

Y Y YI V

+ −    
=     

− +    

11 1 2 12 2

21 2 22 2 3

,

0.5 ,

y Y Y y Y

y Y y Y Y

= + = −

= − = +
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Example 

Compute the y-parameter of the circuit in Fig.

1V 2V
+

-

+

-

1I 2I1W

1W1W

1:a
1Î

1V̂
+

-

1 1 1 1 1 1 1 2

1ˆ ˆ( ) 2 2I V V V V V V V
a

= + − = − = −

2 1 1 1 1 1 22

1 1 1 2ˆ ˆ ˆ( )I I V V V V V
a a a a

 = − = − − + − = − +
 

1 1

2 2
2

1
2

1 2

I Va

I V

a a

 
−    

 =   
    −
  

11 12

21 22 2

12,

1 2,

y y
a

y y
a a

= = −

= − =
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Y parameter analysis of terminated two-port

Two port 

network
1V 2V

+

-

+

-

1I 2I

LY

















=









2

1

2221

1211

2

1

V

V

yy

yy

I

I

Y-parameter equations

22 VYI L−=

11 12 11

21 22 20 L

y y VI

y y Y V

    
=     

+     
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From Crammer’s rules

21122211

122

2221

1211

22

121

1
)(

)(0

yyYyy

IYy

Yyy

yy

Yy

yI

V
L

L

L

L

−+

+
=

+

+
=

The input admittance  Yin

12 21
11

11 22( )
in

L

y y
Y y

y y Y
= −

+
and

21 1 22 2

21
2 1

22

( )L

L

y V y Y V

y
V V

y Y

= − +

= −
+
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12 21
1 11 1 12 2 11 1

22 L

y y
I y V y V y V

y Y

 
= + = − 

+ 

Gain: 2 21

1 22 L

V y

V y Y
= −

+

1I

inY

+

-

sv

sR

11y 12 2y V
LY22y21 1y V

+ +

--

1V 2V

2I

Terminated two-port Y-parameter model
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▪ If the current i1 and the voltage v2 are independent and if the two-port is 
linear.

▪ The quantities h11, h12, h21, and h22 are called the h, or hybrid, parameters.

Two-port Devices and the Hybrid Model

❖H-parameter is the combination of Z and Y parameter defined by

▪ H-parameter is commonly used in transistor modeling.
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•The h-parameters are named 
specifically as follows:

▪ h11 = short circuit input 
impedance

▪ h12 = open circuit reverse 
voltage gain

▪ h21 = short circuit forward 
current gain

▪ h22 = open circuit output 
admittance

2221212

2121111

VhIhI

VhIhV

+=

+=

  







=
















=









2

1

2

1

2221

1211

2

1

V

I
h

V

I

hh

hh

I

V
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Figure :  Definition and conceptual measurement circuits for h parameters.
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Figure:  Definition and conceptual measurement circuits for g parameters.
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Hybrid Parameter Model

hi

hrVo
hohfIiVi

Ii
2

2'

Io

Vo

1

1'

11 12

21 22

i i o i i r o

o i o f i o o

V h I h V h I h V

I h I h V h I h V

= + = +

= + = +

Linear Two port 
DeviceVi

Ii Io

Vo
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11 12

21 22

0 0

0 0

i i

o ii o

o o

o ii o

V V
h h

V II V

I I
h h

V II V

= =
= =

= =
= =

h-Parameters

h11 = hi = Input Resistance
h12 = hr = Reverse Transfer Voltage Ratio
h21 = hf = Forward Transfer Current Ratio
h22 = ho = Output Admittance
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The Model
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Transistor Hybrid Model 

1

2

( , )

( , )

B B C

C B C

v f i v

i f i v

=

=

• Using Taylor’s series expansion

1 1

2 2

C B

C B

B B C

B CV I

C B C

B CV I

f f
v i v

i v

f f
i i v

i v

  

  

 
= +
 

 
= +
 

❖ CE- configuration
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1 1

2 2

C B

C B

B B
ie re

B B C CV I

C C
fe oe

B B C CV I

f v f v
h h

i i v v

i if f
h h

i i v v

   
= = = =
   

  
= = = =
   

• For small signal (incremental analysis)

b ie b re c

c fe b oe c

v h i h v

i h i h v

= +

= +

Where
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0 0B b b

b bB
re re

C c cI i I

v Vv
h or h

v v V
= =


= = =


• If a parameter is constant, its incremental change is zero.

For example: if VC is constant, then it is equivalent to vc=0.
if IB is constant, then it is equivalent to ib=0.
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▪ The large-signal response of transistors are obtained graphically. For 

small signals the transistor operates with reasonable linearity, and we 
inquire into small-signal linear models which represent the operation 
of the transistor in the active region.

Graphical analysis of CE configuration
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Graphical Analysis of the CE Configuration

▪ Notation instantaneous values are
represented by lowercase letters (i for
current, v for voltage, and p for power).
Maximum, average (dc), and effective, or
root-mean-square (rms), values are
represented by the uppercase letter (dc)
values instantaneous total values are
indicated by the uppercase subscript of
the proper electrode varying components
from some quiescent value are indicated
by the lowercase subscript.

( ),C B CEI f I V=
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I/P and O/P Characteristics

O/P or Collector Characteristics (n-p-n) I/P or Base Characteristics (n-p-n)

( ),BE B CEV f I V=( ),C B CEI f I V=
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• Find the hybrid parameters for the two-port network:
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1 1 1

1
11

1

2 1 1

2
12

1

From Fig. (a),

(2 3 6) 4

Hence,  4 

6 2

6 3 3

2
Hence,  

3

= + =

= = W

− = =
+

= = −

V I I

V
h

I

I I I

I
h

I
h21
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1 2 2

1
12

2

2 2 2

2
22

2

From Fig.(b),

6 2

6 3 3

2
Hence,  

3

Also, (3 6) 9

1
Thus,  S

9

= =
+

= =

= + =

= =

V V V

V
h

V

V I I

I
h

V
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Example 

Determine the h-parameter of the two-port circuit shown in Fig. 

+ +

--
1V 2V

2I
1I 1:a

+

2V̂

-

R

21
ˆ1

V
a

V = 1 2I aI= −

2 2 2 1 2
ˆ R

V V RI I V
a

= − = +

1 1 22

1R
V I V

aa
= +

2 2 2 2
2

1 2

ˆ ˆ

1
0

V V V V
I

R R R

I V
a

−
= = − +

= − +




























−

=








2

12

2

1

0
1

1

V

I

a

aa

R

I

V
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Example 

Find the h-parameter of the circuit in Fig. assuming L1=L2=M=1H

+ +

--
1V 2V

2I1I

+

2V̂

-

1W

2L1L

1Î

1W

M

In frequency domain

2111
ˆ sMIIsLV +=

111
ˆ VII −=

1 1 2 1 1(1 )sL V sMI sL I+ − =
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2 2 2 1 2 2 1 1
ˆ ˆ ( )V sL I sMI sL I sM I V= + = + −

2 2 2
ˆV V I= +

2 2 2 1 1(1 ) ( )V sL I sM I V= + + −

1 2 2 1 2(1 )sMV sL I sMI V− + = −

In matrix form


















−
=

















+−

−+

2

11

2

1

2

1

1

0

)1(

1

V

I

sM

sL

I

V

sLsM

sMsL

1

1 1 11

2 2 2

1 0

(1 ) 1

V sL sM IsL

I sM sL VsM

−
+ −      

=      
− + −      
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1

1 1

2 2

1 0

(1 ) 1

V Is s s

I Vs s s

−
+ −      

=      
− + −      

With L1= L2= M = 1 H





















+−+
=

2

1

112

1

V

I

ss

ss

s
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The T-parameter or transmission parameters are used in power system and it is

called ABCD parameter. The transmission parameter is defined by

1 11 12 2

1 21 22 2

V t t V

I t t I

     
=     

−     
This means that the power flows into the input port and flow out to the load

from the output port.

T-parameter can be calculated from

2 2

2 2

1 1
11 12

2 20 0

1 1
21 22

2 20 0

I V

I V

V V
t t

V I

I I
t t

V I

= =

= =

= = −

= = −

Open or short circuit at

the output port

1 2

1 2

V VA B

I IC D

    
=    

−    
or

Transmission parameter
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a = Open-circuit voltage gain

b = Negative short-circuit transfer impedance

c = Open-circuit transfer admittance

d = Negative short-circuit current gain

1    ,1 =−=− bcadBCAD A = D
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• Find the transmission parameters for the two-port network:

VSSUT, Burla Dr. Gyan Ranjan Biswal Network Theory 



1 1 1 2 1 1 1

1 1 1 1

2 1 2 1

From Fig.(a),

(10 20) 30  and 20 3 17

Thus

30
1.765,   0.0588 S

17 17

= + = = − =

= = = = = =

V I I V I I I

V I I I
A C

V I V I
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1
2

1 1 1

1 1 1

1
1 2 1 2

1 1 1

2 2 1

From Fig.(b),

0
10 20

But 3  and ( ) /10,

3 ,    13

3 17
0

20 20

Thus,

1320
1.176,     15.29 

17 (17 / 20)

a a

a a

a

−
− + =

= = −

 = =

 − + =  = −

−
= − = = = − = = W

V V V
I

V I I V V

V I V I

I
I I I I

I V I
D B

I V I
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Example

+ +

--
1V 2V

2I
1I 1:a

+

2V̂

-

R

Determine the t-parameter of the circuit shown in Fig .

)(
1ˆ1

2221 RIV
a

V
a

V −==

21 aII −= 








−


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
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








2

2
1

1

1

0 I

V

aI

V
a
R
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Example

One of the most importance characteristics of the two-port circuit with

T-parameter is to determine the overall cascade parameter.

T1 T2

+ + + +

----
1V 2V 3V 4V

1I 2I− 3I 4I−










−
=









2

2
1

1

1
T

I

V

I

V
3 4

2
3 4

T
V V

I I

   
=   

−  
3232 , IIVV =−=

1 4
1 2

1 4

T T
V V

I I

   
=   

−   
Thus
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2 1

2 1

V VA B

I IC D

     
=      −    

Inverse Transmission parameter

1 1

1 1

2 2

1 10 0

2 2

1 10 0

I V

I V

V V
A B

V I

I I
C D

V I

= =

= =

 = = −

 = = −
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• Find [z] and [g] of a two-port network if

• Solution:








 W
=

4S 2

 5.110
][T

If 10,  1.5, 2, 4, the determinant of the 

matrix is

40 3 37T

= = = =

 = − = − =

A B C D

AD BC

Some Extra Problems
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

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




W

−
=W
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======

−=−=
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−====

======

==
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====

 0.151.0
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2
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2
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2
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2221
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Interconnection of two-port network

• Two port networks can be connected in series parallel or
cascaded

• Series and parallel of two-port have 4 configurations
– Series input-series output (Z-parameter)

– Series input-parallel output (h-parameter)

– Parallel in put-series output (g or h-1-parameter)

– Parallel input-parallel output (Y-parameter)

• With proper choice of parameters the combined parameters
can be added together.
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Z1

Z2

Z=Z1+Z2

V1

+ + +

+ +

-

- -

- -

V11

V12

V21

V22

H1

H2

H=H1+H2

V1
V2

+ ++

+

- -

-

-

V11

V12

G1

G2

G=G1+G2

V2

+ ++

+

-

-

-

V21

V21

Y1

Y2

Y=Y1+Y2

V1
V2

+ +

- -
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Interconnection  of  Two- Port  Networks

Three ways that two ports are interconnected:

*    Parallel

*    Series   

*   Cascade

     
ba

yyy +=

     
ba

zzz +=

     
ba

TTT =

ya

yb

za

zb

Ta Tb

parametersY

parametersZ

parametersABCD
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Interconnection of Networks

Example: Bridge-T network
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N1 // N2
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For network N2

For network N1

  41

0 1

Z
T

 
=  
 
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Y-parameters of the bridge-T network are
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][][][ ba zzz +=

Interconnection of Networks
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Interconnection of Networks

• Evaluate V2/V1 in the circuit in Fig.:
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Thank you
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Relations between two-port parameters

G. G. JOHNSTONEf and J. H. B. DEANEt

In the course of our research activities we have had frequent need for a set of
relations between the parameters of two-port networks. Whilst some of these are
scattered throughout the literature, it is not possible to find a comprehensive,
error-free collection; with this in mind, we have compiled such a set.

Notation

The following notation is used below:

where M is any of the matrices Z, Y, H, G, A, B, S, T,U. These in turn are defined in
terms of the quantities indicated in the Figure.

Throughout, Z represents the impedance matrix and Y the admittance matrix:

[~ l ] = [Y l l Y12J [VI]
12 Y21 Y22_ Vz

The h-parameter matrix is Hand G is its inverse:

o:_~
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108 G. G. Johnstone and J. H. B. Deane

The elements of A are known as the general circuit constants and conventionally
designated A, B,C, D; we depart from this convention by using the more logical
notation A=al., B=aI2, C=a 21 and D=a22. Our matrix B is defined as the
inverse of A, so that

In order to make our results of as general application as possible, we have
allowed for unequal characteristic impedances by using the following definitions of
a.,a2,b"b 2 in terms ofv"v2,i"i2:

The scattering matrix is denoted by S and is defined as follows:

We denote the scattering transfer matrix by T and the inverse of T by U, i.e.

Throughout the following it has been convenient to use

for the determinant of any of the above matrices.
We present below all the relationships between the various two-port parameters

mentioned above. The two-port parameters themselves fall naturally into two
classes:

(a) the wave parameters S, T, U which comprise one class and are so called
because they relate the forward and backward wave amplitudes; and

(b) the circuit parameters Z, Y, H, G, A, B which form the other class and are so
called because they relate voltages and currents to each other.
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Relations between two-port parameters 109

The relationships presented below are then split into four sets. Set 1 contains
the relationships between the wave parameters (e.g. S in terms of T). Set 2
contains the relationships between the circuit parameters (e.g. Y in terms of Z). Set
3 contains the wave parameters in terms of the circuit parameters (e.g. S in terms
of Z). Set 4 contains the circuit parameters in terms of the wave parameters (e.g. Z
in terms of S).

In conclusion, a .cornment on the need for this many sets of parameters is
called for. The Z, Y and S parameters are widely used for their relationships to the
familiar quantities of impedance, admittance and forward/backward wave ratios.
The Hand G parameters are widely used in the context or active devices, where
the parameters are readily identifiable with familiar concepts. However, none of
these matrices can be meaningfully multiplied together to give the overall matrix
for n two-ports cascaded. For this purpose, the A, B, T and U matrices are
required, since we can write

The need for these four sets of equations arises with non-reciprocal networks. In
particular, if there is zero transmission in one direction, only one of each of
A/B, T/U exists.

There is no overriding criterion for choice between the use of Z, Y, G,H, A and B.

REFERENCE

BALABIAN, N., and BICKART, T. A., 1968, Electrical Network Theory (New York: Wiley).

s ~ [t12 t. T ] 1 [-U12
u~Jtn 1 - t21 :::: Un t.u

T :::: 1 [-t. s 8n] :::: _1_ [ U22 -Ul2]
821 -812 1 t.u -U21 Un

U 1 [ 1 -8n ] 1 [tn -t12 ]::::
-t.s :::: t.T -t21812 822 t n

Set I. Wave parameter relations.
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110 G. G. Johnstone and J. H. B. Deane

z = 1 [Y22 -YI2] 1 [b.H h12] 1 [ 1 -912 ]
b.y -Y21 Yn = h22 -h21 1 = 911 921 b.a

2- [an b.A ] -1 [ b22

••a21 1 an = b21 b.B

y = 1 [Z22 -Z12 ] 1 [ 1 -h12] 1 [b.a 9~2 ]
b.z -Z21 Zll = hll h21 b.H = 922 -921

1 [an -b.A ] =~ [-bll
-~2J= au -1 an b12 b.B

H 1 [b. z Z12] 1 [1 -Y12 ] = _1_ [ 922 -912]= 1 = Yn Y21Z22 -Z21 b.y b.a - 921 9n

1 [a 12 b.A ] -1 [b 12 -1]
an -1 a21 = bn b.B b21

G 1 [ 1 -ZI2] 1 [b.Y Y12] = _1_ [ b-n -h12]= b.z = Yn -Y21ZII Z21 1 b.H -h21 hll

_1_ [a21 -b.A ] -1 [ b21
b~J= au = b22 -b.Ball 1

A ~ [Zll ~z] -1 [Y22 1] -1 [~H h;1 ]
Z21 1 zn = Y21 ~y Yn = h21 hn

1 [1 922] 1 [bn -b12 ]
921 911 b.a = b.B -b21 bn

B 1 [Z22 -b.z] = 2- [-Yll 1] 1 [ 1 -hll ]= -Y22 = h12 -hnZ12 -1 Zll Y12 b.y b.H

1 [-b.a 922] 1 [a22 -au]
912 911 -1 = b.A -a21 all

Set 2. Circuit parameter relations.
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ABSTRACT 
A generalized approach to linear two-port per- 

formance evaluation and determination of two-port 
performance characteristics is presented in this 
paper. These are analytically defined and derived in 
terms of general hybrid parameters, covering z-, y-, 
h-, and g- two-port parameters. This analysis re- 
veals significant interrelation properties which al- 
low the derivation of any two-port performance 
characteristic from just two of them. 

z- parameters y-parameters h-parameters g-parameters 
‘Y i >> ‘Y ‘ >> ‘Y L >  ‘Y c 7 ,  

I1 V1 V1 I1 11 V1 VI I1 
I2 v2 v2  I2 v2  I2 I2 v2 

1. INTRODUCTION 
Two-port representation of linear networks, [1,2,3], 

offers the advantages of generality, conceptual simplic- 
ity and physical content, since two-port parameters 
provide full information about input and output vari- 
ables’ physical relation. In literature, two-port per- 
formance, in the form of driving point and transfer or 
network functions, [2,3,4], is separately evaluated for 
either z-, y-, h- or g- circuit parameters, [1,2,5]. In ad- 
dition, performance evaluation relations, in the form of 
network functions, are often derived by inspection and 
comparison to some general theory relations, e.g., 
feedback theory, [1,5]. The resemblance among sepa- 
rately derived expressions, i.e., through different pa- 
rameter representation, leads to a generalized notation 
met only in advanced circuit theory, [3,4,6], although a 
complete set of generalized performance characteristics 
has not been presented, yet. Therefore, the field of 
systematic and generalized linear two-port performance 
evaluation for all possible forward and reverse charac- 
teristics such as driving point, forward, and reverse 
transfer functions is still open. 

In this work, we define in a strict manner and de- 
rive a complete set of forward and reverse performance 
characteristics in terms of a generalized set of circuit 
parameters covering z-, y-, h-, and g- parameters. As it 
is shown, the morphological symmetry between the 
perfmance characteristics of opposite direction as 
well as the relations among those of the same direction 
reveal a kind of interrelation. Thus, based on knowl- 
edge of any two - not straightforwardly related - per- 
formance characteristics, expressed in any kind of two- 
port parameters, we can derive any performance char- 
acteristic, in terms of z-, y-, h-, or g-parameters, i.e.,, 
&om just two performance characteristics, forty of them 
can be determined. 

2. GENERAL HYBRID TWO-PORT 
PARAMETERS 

The resemblance among matrix representations of 
z-, y-, h-, and g- two-port parameters leads to the idea 
of using a “general hybrid matrix” H representation 
with “general hybrid parameters”, k, [4], although, it 
has never, to our knowledge, been strictly defined as a 
model: 

The correspondence of this generalized notation to the 
matrix notation of z-, y-, h-, and g- parameters is given 
in Table I, while, it should be mentioned that k- 
parameters notation corresponds to that, alternatively 
used, for m-, k-, or y- parameters, [4,6,7. 

3. TWO-PORT PERFORMANCE EVALUATION 
Two-port performance evaluation refers to determi- 

nation of its performance characteristics, i.e., its input / 
output variables ratios. These are also termed as for- 
ward (or reverse) ratios and correspond to a specific 
(forward or reverse) signal flow direction, i.e., input-to- 
output or vice-versa. 

When the performance characteristics of a two-port 
are strictly defined and derived based on the k- 
parameter representation, a designated “symmetqf” 
between forward and reverse ones will be revealed. In 
this case, the term “symmetry” indicates a morphologi- 

cal resemblance between performance characteristics of 
opposite signal direction that leads to a kind of inter- 
relation. As a result, knowledge of one of them can 
lead to the derivation of it’s “symmetrical” (opposite 
direction) by, simply, following specific “symmetry 
transition rules”, i.e., subscript substitutions. Further- 
more, an “interrelation” among performance charac- 
teristics of the same “direction” can readily be identi- 
fied. Hence, knowledge of the expressions of two per- 
formance characteristics of the same direction can lead 
to the determination of all the rest of the specific di- 
rection. In addition, the interrelation among forward . 
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performance characteristics can lead to the interrelation 
among the reverses, by just following the already men- 
tioned symmetry transition rules. 

in the following, depends on the correspondence of k- 
parameters to z-, y-, h-, or g- parameters. In general, 
Xi, X, are input and output immittances (impedances 

Conclusively, based on “interrelation” and 
“symmetq transition rules”, knowledge of any two 
“non-symmetrical” performance characteristics expres- 
sions, in terms of general hybrid k-parameters 
(regardless to direction), is adequate for the derivation 
of all other performance characteristics expressions, in 
terms of general hybrid parameters. The physical inter- 

. -  . -  
or admitances) respectively, while two of A, B, r and A 
performance characteristics indicate voltage and cur- 
rent amplification, and two indicate “transimmittances” 
(one transimpedance and one transadmitance). The 
specific physical content of these, for the cases of z-, y-, 
h-, and g- parameters, is presented in Table II. 

P 

Table II. Physical interpretation of the generalized performance characteristics 

4. DEFINITION AND DETERMINATION OF 
GENERALIZED PERFORMANCE 

a) Statement. When a linear two-port network is 
represented through general hybrid k-parameters, the 
following statement will be valid: 
“The forward Af, BF Tf, Af, Xf, and reverse A,, Br, Tr, 
4, Xr performance characteristic ratios are defined in 
terms of the “y” and ‘”U” generalized variables as: 

CHARACTERISTICS 

X = -1 Y2 
u2 y1 I y,=o 

, where (ys, ks) rep- A , = -  , 0 

u2 ys=o 
ks #o k S  #€I 

resent a real input source. Then, their expressions in 
terms of the general hybrid k-parameters will be : 

k21 
k22 + kL ’ 

Af = -  k12 
kll +ks ’ 

A, = -  

7 

1 I r, = 
k22 

k21- (kll+ ks 1 

where, kS and kL are source and load, impedances or 
admittances depending on the case considered, respec- 
tively. 
b) Verification 

For verification of the above statement, forward 
and reverse performance characteristics are separately 
expressed in terms of general hybrid k-parameters. 
For deriving forward “f” ratios expressions, let us consider 
a real source connected at the input port and a load at the 
output. In addition, for establishing a generalized approach 
that could take into account all cases for the general hybrid 
k-parameters and reveal the previously mentioned 

we will consider either a real Thevenin source 
(VS, ZS) or a Norton equivalent real source (IS, ys), 
whether the input variable “y1” is voltage or current. 
Similarly, we will consider either an impedance load ZL or 
an adnuttance load yL, whether the output variable “y2” is 
voltage or current. The corresponding configuration, with 
the four possible cases of terminated k- equivalent two- 
ports for derivation of forward performance characteristics, 
is shown in Fig.1, where(y1,ul)E {(Il,V1),(V1,11)}? 

(Y2 +2) E {(I2 >v2 )>(V2 J2)I 7 

(~s.YL).(Ys.YL).(Ys.zL)} 
and (kS>kL> E {(ZSJLX 
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v;a-D 
k-equrralenr kL I, k-equdent kL 

&“I) bi.ua) @.“S 069 
Fig. 1. Open and terminated k-equivalent two-ports 

For the sources mentioned above, a general nota- 
tion (yS,kS) should be used in deriving “’total” per- 
formance ratios (that is, forward perfimnance charac- 
teristics defined as variables ratios of the two-port out- 
put to the voltage / current part of the real Thevenin / 
Norton source) and ys should substitute y1 in the 
statement definitions. However, to reveal the forward- 
reverse symmetry, according to statement ii of next 
section 5, we should derive the defined performance 
characteristics, instead of the ‘Total” ones, thus, abol- 
ishing the need of ys notation. Hence, since kL satis- 
fies y2=-u2k~, eq.(l) leads to: 

for derivation of forward ratios. 

Using eqs (2) and (3), all forward ratios can easily be 
derived in terms of general hybrid k-parameters. The 
complete set of forward performance characteristics, 
expressed in terms of general hybrid k-parameters, has 
already be given with the statement. 

For deriving reverse “r” performance characteris- 
tics, the two-port network must be excited from its 
output port while input sources should be nullified. 
However, instead that, for short-circuiting real Theve- 
nin sources or open-circuiting real Norton sources, we 
can eliminate the ideal part of the source only, so that 
kS to remain connected. This approach preserves sym- 

metry (as mentioned in statement ii of section 5) since 
kS can be considered symmetrical to load immittance 
of the reverse performance case. Note that, following 
the disconnection of kL, either an ideal voltage or cur- 
rent source will be considered connected at the output 
port depending on whether variable y2 is voltage or 
current, respectively. This is shown in Fig. 2. 

r - r - - - h  
k-equivalent V,’ or I$ 

Fig. 2. Configuration for derivation of reverse per- 
formance Characteristics. 

Hence, since ks  satisfies yl=-ulkS, eq.(l) leads to: 

I Y l  = kllul+ k12U2 = -Yks 1 

which, finally, yields 4 in terms of general hybrid k- 
parameters: 

_I 

k, #o 
In direct analogy to the previous derivation of for- 

ward performance characteristics, any reverse ratio can 
be derived, using eqs (4) and (5). The complete set of 
reverse performance characteristics, expressed in terms 
of general hybrid k-parameters has already be given 
with the statement. 

Finally, the not examined “total” (forward) per- 
fmance  characteristics can be determined by simply 
substituting, in the already derived expressions, k l l  
with kll+kS. However, although this is possible, it 
must be clarified that knowledge of the “total” 
(forward) ratios cannot lead to the corresponding re- 
verses, because “symmetry” is destroyed due to the fact 
that, real sources are not used in evaluating the re- 

5. INTERRELATION PROPERTIES OF 
GENERALIZED PERFORMANCE 

CHARACTERISTICS 

verses. 

a) Statements 
i. There is a symmetry between the following for- 

ward-reverse pairs of performance characteristics : (Afi 

This is a morphological symmetry, which allows 
“transitions” between the performance characteristics 
of any of the above pairs, meaning that one perform- 
ance characteristic can readily be specified, by just 
knowing its “symmetrical” one. These are performed 
according to specific and simple ‘”mition rules” such 
as subscript replacement : L -+ S ,  1 -+ 2, and 2 -+ 1, 
for a transition fiom a forward ratio to it’s symmetrical 
one, and S L, 1 -+ 2, and 2 -+l, for reverse transi- 
tions. 

ii. Forward performance characteristics are inter- 
related through general hybrid k-parameters. Similarly, 
reverse characteristics are also interrelated through 
general hybrid k-parameters. Assuming, arbitrarily and 
without damage of generality, that (AfiBf) and (h,Br) 
are known, these interrelations can be expressed in the 
form: 

41, (Bfi E$-), (rfi 4). (4, rr) 

1 rf =-kLAf.Af =--Bf, Xi =-k Af 
kL L B f  

Although forward and reverse ratios are given as 
fimctions of Af ,Bf and 4, Br , respectively, in gen- 
eral, any two ratios of the same direction can be con- 
sidered known so that the remaining three ratios of this 
direction to be derived as their fimctions. Finally, the 
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denoted, by statement i, symmetry transition rules be- 
lween forward and reverse ratios lead to the corre- 
sponding relations among the extracted reverse ratios. 

The above two statements imply that: 
a) Several symmetry transition rules are engaging 

both directions performance characteristics. Knowing 
the expressions for one direction ratios, the expressions 
of the other direction ratios are easily derived using 
Ihe symmetry transition rules. 

b) The performance characteristics of each direc- 
lion are interrelated through general hybrid k- 
parameters relations. 

c) Combining the above results, the knowledge of 
any two non-symmetrical performance characteristics 
ratios expressed in terms of general hybrid k- 
parameters (regardless to direction) is adequate for 
deriving all other ratios, by simply following the sym- 
metry transition rules. 

b) Verification 
Statement i is easily verified because symmetry 

between the (A&), (BfiBr). (rfi4) and < 4 J r )  for- 
.ward-reverse pairs is obvious just by inspection of the 
performance characteristics expressions, given in sec- 
tion 4. It is also obvious that transition between the 
rperformance characteristics of a pair is performed fol- 
lowing the symmetry transition rules denoted above. 
‘I’his means that, a forward ratio transition to it’s sym- 
metrical one is performed by the subscripts replace- 
ment L+S, 142 ,  and 2+1. Reverse transitions are, 
similarly, performed following the corresponding rules. 

Statement ii can readily be verified by using the 
]performance characteristics definitions in terms of y 
and U general hybrid variables and the additional rela- 
tion, which holds, depending upon the performance 
direction, i.e., y2=-k~u2, for forward calculations and 
‘yI=-kSu1, for reverse calculations. 

Inspecting the resulting relations of statement ii, it 
is apparent that the same symmetry (as defined in 
statement i) between forward and reverse relations is 
present and the same transition rules (denoted also in 
statement i) are valid. It is also fairly easy to verify that 
each direction ratios can be expressed as functions of 
any two known ratios of the same direction and not as 
functions of only A and B. 

Finally, comblning the two statements of this sec- 
tion, due to the symmetry and the relations among the 
generalized performance characteristics of the same 
direction, it is obvious that knowledge of any two non- 
symmetrical performance characteristics expressed in 
terms of general hybrid k-parameters, regardless to 
direction, is adequate for deriving the rest of the ratios 
expressions. This means that, knowledge of only two 
non-symmetrical performance characteristics, in terms 
of a parameters kind belonging to the k-parameters 
class, leads to the knowledge of all forty performance 
characteristics (in terms of the four parameters kinds 
belonging to the k-parameters class). 

6. CONCLUSION 
An analfical and generalized approach to two-port 

performance evaluation is presented in this paper. 
Generalized notation of a general hybrid k-parameter 

class, covering z-, y-, h-, and g- parameters is adopted. 
Despite the analytical definition and determination of a 
complete two-port performance characteristics set, in 
terms of k-parameters, important interrelation proper- 
ties among them are revealed. Using the results of this 
approach, it is finally proved that krAowing just two 
non-symmetrical performance characteristics, ex- 
pressed in terms of any of the z-, y-, h- or g- parame- 
ters, all forty performance characteristics can be de- 
rived in terms of any of the these parameters. 
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Conversion Rules Between X-Parameters and
Linearized Two-Port Network Parameters

for Large-Signal Operating Conditions
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Abstract— This paper presents conversion rules between
X-parameters, linearized impedance parameters, linearized
admittance parameters, linearized cascade parameters, linearized
scattering transfer parameters, linearized hybrid parameters,
and linearized inverse hybrid parameters of a two-port network
under large-signal operating conditions. The rules have been
developed along with a set of equations that allow obtaining
the expressions of each linearized parameter from the remaining
ones. The proposed approach has been evaluated, and very good
agreement has been obtained between calculated parameters and
simulated ones.

Index Terms— Conversion rules, linearized admittance,
linearized cascade parameters (ABCD-parameters), linearized
hybrid parameters (G-parameters), linearized impedance,
linearized inverse hybrid parameters (H-parameters), linearized
scattering transfer parameters (T-parameters), network
parameters, nonlinear, two-port, X-parameters.

I. INTRODUCTION

X -PARAMETERS were introduced in 2005 [1–[3], and
they represent new nonlinear scattering parameters,

applicable to passive and active circuits under small- and
large-signal excitation [4]. The main limitation is that
X-parameters are not directly suitable for the analytic analysis
of different network configurations. For example, they are not
cascadable in their original form. For this reason, linearize
scattering transfer parameters (T -parameters) are defined
which are cascadable in their matrix format. This means that
multiplying the individual T matrices of cascaded two-port
networks leads to the overall resultan T matrix of the cascade
system. The description of a nonlinear network havin ports
and m harmonics can be described using n × m equations.
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In addition to X-parameters and T -parameters, linearized two-
port networks can be described by their linearized impedance
parameters (Z-parameters), linearized admittance parame-
ters (Y -parameters), linearized cascade parameters (ABCD-
parameters), linearized hybrid parameters (G-parameters), and
linearized inverse hybrid parameters (H-parameters). The
resulting linearized two-port parameters define the terminal
voltage/current relationships of the two-port under specific
operating conditions, such as dc bias, input power level, and
temperature. With these linearized parameters, voltages and
currents are used to define the independent and dependent
variables instead of incident and reflected waves. At high
frequencies, these linearized parameters cannot be measured
directly and accurately at high frequency. However, they are
useful to nonlinear circuit modeling and design. For example,
they describe different network topologies such as series,
parallel, series-to-parallel, parallel-to-series, and cascade. This
was the motivation to introduce a new set of equations in this
paper that allow determining the values of these linearized net-
work parameters from X-parameter measurements. Developin
conversion rules between these parameters is very important.
These will be useful, for example, to exploit X-parameters
to more accurately and quickly build a nonlinear equiva-
lent circuit-based model that captures the device behavior at
the fundamental and harmonic frequencies. The conversion
from X-parameters to linearized impedance, admittance, and
ABCD parameters is essential for model de-embedding and
parameter extraction.

A first attempt to define conversion rules implicating
X-parameters was in [5] and [6]. Only two equations were
presented that allow determining linearized Z-parameters
and linearized Y -parameters from X-parameters. Also, it is
assumed that the phase of a11 is zero, which makes the
model treat a special case or a nontime-invariant system
in the general case. The equations presented in [5] are
limited to only one port with two harmonics or to only
two-port with fundamental. In [6], in order to analyze a
mixed-series connection topology of nonlinear and linear
component, i.e., a transistor operating in large-signal mode
with a feedback capacitor, the expression between scat-
tered and incident harmonic traveling voltage waves through
X-parameters is transformed to a relation between harmonic
voltage and current. Nonlinear Z-parameters are not explicitly
presented.

0018-9480 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

Authorized licensed use limited to: Chungbuk National Univ. Downloaded on July 05,2024 at 08:32:54 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0002-1707-9590
https://orcid.org/0000-0002-1873-2088


4746 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 66, NO. 11, NOVEMBER 2018

Fig. 1. Incident and scattered waves of a nonlinear two-port device.

In this paper, all conversion rules between the different
linearized two-port network parameters such as X-, Z-, Y -,
ABCD-, T -, G-, and H-parameters are presented and, then,
validated in both linear and nonlinear operating modes. Some
of these rules were used to develop an accurate large-
signal equivalent circuit based model that is extracted from
X-parameter measurements [7]. Another application example
of linearized network parameters and their conversion rules is
the development of a link between X-parameters and charge-
controlled quasi-static model [8].

We believe that these conversion rules will be useful for
other applications in the area of nonlinear circuit modeling,
design, analysis, and measurements.This paper is organized
as follows. Section II outlines the concept of X-parameter
and defines the expressions of linearized two-port network
parameters. Section III presents all conversion rules between
the new linearized two-port network parameters. In Section IV,
the conversion rules are validated in linear and nonlinear
operation modes.

II. LINEARIZED TWO-PORT NETWORK PARAMETERS

X-parameters are the result of the linearization of the
multivariate complex functions that correlate all of the relevant
input spectral components with the output spectral components
for a two-port device [1], [2]

bik = X F
ik(|a11|)Pk +

∑

( j,l) �=(1,1)

X S
ik, j l (|a11|)Pk−l a j l

+
∑

( j,l) �=(1,1)

X T
ik, j l (|a11|)Pk+l a∗

j l . (1)

where bpm and aq j (a∗q j is the conjugate) are, respectively,
the scattered and incident traveling voltage waves. Indices p
and q range from one to the number of signal ports. Indices m
and j range from one to the highest harmonic index. Term
P = exp( jϕ(a11)) is the unity length phasor having the same
phase as a11. X F

ik , X S
ik, j l , and X T

ik, j l are the X-parameters
and depend on the amplitude of the incident wave. The
graphical representation in Fig. 1 illustrates the basic concept
of X-parameters. Multiple frequencies are present in the input
and output spectrum. In each frequency, there are incident
and scattered waves. And X-parameters define a linearized
spectral map relating incident to scattered traveling voltage
waves. In X-parameters, term X F

ik (|a11|) is complex. Thus,

it can be rewritten as X F
ik (|a11|)Pk = X S

ik11(|a11|)Pk−1a11 =
Sik,11(|a11|)a11, since the input drive a11 is always different

than 0. It is mathematically correct, and this relation is well
verified while measuring with the NVNA and simulating
with ADS a nonlinear component. Parameters Spmq j (|a11|)
and Tpmq j (|a11|) can be set equal to X S

pmq j (|a11|)Pm− j and
X T

pmq j (|a11|)Pm+ j , respectively. Terms Tpm11 are equals to 0.
For a two-port device and only n harmonics are considered,
(1) can be rewritten as

bpm =
∑

j=1..n
q=1,2

Spmq j (|a11|) Pm− j aq j

+
∑

j=1..n
q=1,2

(q, j ) �=(1,1)

Tpmq j (|a11|) Pm+ j a∗
q j . (2)

In addition to X-parameters, a nonlinear component can
be described by linearized Z-, Y -, T -, ABCD-, H- and
G-parameters. Y -parameters relate harmonic voltage compo-
nents to harmonic current components at both ports.

Linearized Y -parameters include two-term categories,
Y α

pmq j and Y β
pmq j , which are associated with harmonic compo-

nent voltage vq j and its conjugate v∗
q j , respectively. Linearized

T -parameters include two-term categories T α
pmq j and T β

pmq j
associated, respectively, to a harmonic component and its
conjugate of a waves and b waves present at output port.
Like in linear case, linearized ABCD matrix includes four
parameter categories: A, B , C , and D terms. A terms relate
input harmonic voltages to output harmonic voltages. B terms
relate input harmonic voltages to output harmonic currents.
C terms relate input harmonic currents to output harmonic
voltages. D terms relate input harmonic currents to output
harmonic currents. Each ABCD-parameters include two-term
categories associated, respectively, with a harmonic component
and its conjugate of voltage and current present at second port.
G-parameters use the input harmonic current components at
port 1 and the output harmonic voltage components at port 2 as
independent variables. Linearized H-parameters include two-
term categories H α

pmq j and H β
pmq j associated with a harmonic

component and its conjugate of voltage and current. Linearized
G-parameters use the input harmonic voltage components
and the output harmonic current components as independent
variables.

The formulation of the nonlinear model based on linearized
Z-, Y -, T -, ABCD-, G- and H-parameters are presented in the
following equations. Analogous to X-parameters, linearized
network parameters can be derived by using Taylor series.
They are the result of the series expansion based on the partial
derivatives. The resulting dependent parameters is composed
of signal operating point (LSOP) term, plus contributions
due to the small-signal stimulus on each individual frequency
component [1], [2]. It is assumed that there is only one large-
signal plus small remaining spectral components. For example,
in linearized Y -parameters, Y α

pm,11 refers to the large-signal
part of ipm which is a nonlinear function of |a11|, to be
consistent with X-parameters measurements. Y α

pm, j l and Y β
pm, j l

with ( j, l) �= (1, 1) are the coefficients associated with the
contribution of linear components to ipm and of the conjugate
of the linear components v j l . The conjugate term models

Authorized licensed use limited to: Chungbuk National Univ. Downloaded on July 05,2024 at 08:32:54 UTC from IEEE Xplore.  Restrictions apply. 



ESSAADALI et al.: CONVERSION RULES BETWEEN X-PARAMETERS AND LINEARIZED TWO-PORT NETWORK PARAMETERS 4747

the self-mixing behavior of nonlinear systems: when incident
signals at different frequencies are injected simultaneously to
a nonlinear system, they will generate signals that are the sum
and difference of their frequencies. The complex conjugate
term allows modeling the difference.

In this paper, it is assumed that the independent variables
are considered as the sum of one large RF signal with small
spectral components. X-parameters model include only one
large input tone in the LSOP. Therefore, the characterized
nonlinear device should be input matched for the fundamental
frequency. For a DUT, the reflections at the fundamental and
the harmonics at the output and the reflections at the harmonic
at its input are considered as small perturbations. The validity
of this assumption depends on whether the contribution of
these perturbations is small enough such that the considered
variable can be assumed linear. If the DUT is mismatched,
load-dependent X-parameters are used. Load-dependent
X-parameters are just a set of X-parameters measured at
different load conditions [9]. Each term in X-parameters
and in linearized network parameters depends nonlinearly on
the dc bias power, fundamental frequency, input RF power,
and source and load fundamental and harmonic terminations.
In summary, since the proposed linearized network parameters
are extracted using X-parameters, they automatically inherent
the limitation of X-parameters and bear the same LSOP as that
of X-parameters. For simplification purposes, dependence on
only a11 is considered in the following equations:

vpm =
∑

j=1..n
q=1,2

Zα
pmq j (|a11|)Pm− j iq j

+
∑

j=1..n
q=1,2

(q, j ) �=(1,1)

Zβ
pmq j (|a11|)Pm+j i∗

q j (3)

ipm =
∑

j=1..n
q=1,2

Y α
pmq j (|a11|)Pm− j vq j

+
∑

j=1..n
q=1,2

(q, j ) �=(1,1)

Y β
pmq j (|a11|)Pm+j v∗

q j (4)

b1m =
∑

j=1..n

T α
1m1 j (|a11|)Pm− j a2 j +T β

1m1 j (|a11|)Pm+j a∗
2 j

+
∑

j=1..n

T α
1m2 j (|a11|)Pm− j b2 j +T β

1m2 j (|a11|)Pm+j b∗
2 j

(5)

a1m =
∑

j=1..n

T α
2m1 j (|a11|)Pm− j b2 j +T β

2m1 j (|a11|)Pm+j b∗
2 j

+
∑

j=1..n

T α
2m2 j (|a11|)Pm− j a2 j +T β

2m2 j (|a11|)Pm+j a∗
2 j

(6)

v1m =
∑

j=1..n

Aα
1m2 j (|a11|)Pm− j v2 j + Aβ

1m2 j (|a11|)Pm+j v∗
2 j

+
∑

j=1..n

Bα
1m2 j (|a11|)Pm− j i2 j +Bβ

1m2 j (|a11|)Pm+j i∗
2 j

(7)

i1m =
∑

j=1..n

Cα
1m2 j (|a11|)Pm− j v2 j +Cβ

1m2 j (|a11|)Pm+j v∗
2 j

+
∑

j=1..n

Dα
1m2 j (|a11|)Pm− j i2 j +Dβ

1m2 j (|a11|)Pm+j i∗
2 j

(8)

v1m =
∑

j=1..n

H α
1m1 j(|a11|)Pm− j i1 j +

∑

j=2..n

H β
1m1 j(|a11|)Pm+j i∗

1 j

+
∑

j=1..n

H α
1m2 j (|a11|)Pm− j v2 j +H β

1m2 j(|a11|)Pm+j v∗
2 j

(9)

i2m =
∑

j=1..n

H α
2m1 j(|a11|)Pm− j i1 j +

∑

j=2..n

H β
2m1 j(|a11|)Pm+j i∗

1 j

+
∑

j=1..n

H α
2m2 j (|a11|)Pm− j v2 j +H β

2m2 j(|a11|)Pm+j v∗
2 j

(10)

i1m =
∑

j=1..n

Gα
1m1 j (|a11|)Pm− j v1 j +

∑

j=2..n

Gβ
1m1 j (|a11|)Pm+j v∗

1 j

+
∑

j=1..n

Gα
1m2 j (|a11|)Pm− j i2 j +Gβ

1m2 j (|a11|)Pm+j i∗
2 j

(11)

v2m =
∑

j=1..n

Gα
2m1 j (|a11|)Pm− j v1 j +

∑

j=2..n

Gβ
2m1 j (|a11|)Pm+j v∗

1 j

+
∑

j=1..n

Gα
2m2 j (|a11|)Pm− j i2 j +Gβ

2m2 j (|a11|)Pm+j i∗
2 j .

(12)

The P terms are added to take into account the time-
invariance characteristic. A time-invariant system exhibits that
if the excitation is time shifted by τ , the response should be
time shifted with the same value τ . As shown in the following
equation, if a delay τ is applied at the fundamental frequency
current, the voltage or current at nω1 will be shifted by nτ

Iine jnω1(t−τ) = Iine jnω1t e− j nω1τ . (13)

For example, in linearized Z-parameter case, applying a
delay P = e− jωτ leads to

vpm P−m =
∑

j=1..n
q=1,2

Zα
pmq j (|a11|) P− j iq j

+
∑

j=1..n
q=1,2

(q, j) �=(1,1)

Zβ
pmq j (|a11|) P j i∗

q j (14)

which is equivalent to (3). In measurement, P is set as the
phasor of a11.

Linearized two-port network parameters are not only
derived from X-parameters formalism, but also they can be
derived by using the first-order approximation of the Taylor
series of the input–output nonlinear functional relationship.
For example, the voltage–current functional relationship that
can characterize the nonlinear steady-state behavior of a
DUT can be formulated as

ipm = Kpm
(|a11|, v12 P−2, v∗

12 P+2, . . . , v1n P−n , v∗
1n P+n

v21 P−1, v∗
21 P+1, . . . , v2n P−n , v∗

2n P+n)
P+m .

(15)
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The function Kpm is linearized around |a11| to be consistent
with X-parameter measurement. This yields to the series
expansion in

ipm = K F
pm (|a11|) P+m +

q=2
j=n∑

q=1
j=1
(q, j )

�=(1,1)

∂Kpm

∂(vq j P− j )
(|a11|)Pm− j vq j

+
q=2
j=n∑

q=1
j=1

(q, j )
�=(1,1)

∂Kpm

∂(v∗
q j P j )

(|a11|)Pm+ j v∗
q j . (16)

Substituting Kpm(|a11|)P+m by Y α
pm11(|a11|)Pm−1v11,

∂Kpm/∂(iq j P− j )(|a11|)Pm− j vq j by Y α
pmq j (|a11|)Pm− j vq j

and for (q,j) different to (1,1) ∂Kpm/∂(i∗
q j P j )(|a11|)Pm+ j v∗

q j

by Y β
pmq j (|a11|)Pm+ j v∗

q j , (20) is equivalent to (4). The inde-
pendent and dependent variables related by the linearized
parameters can be defined in the following vector form: [K ] =
[[K1], [K2]]T where the subvectors are defined as: [Ki=1,2] =
[ ki1 k∗

i1 . . . kin k∗
in ]T . The relation between B-wave and

A-wave vectors through X- and linearized T -matrices are
in (17) and (18), respectively. And, the relation between
voltage and current vectors through linearized Z -, Y -, ABCD-,
G-, and H -matrices are in (19), (20), (21), (22), and (23),
respectively. The dependent and independent vectors have the
same length, which allows getting a square matrix. The only
issue that can happen is the inversion of the matrices and
submatrices to calculate the linearized network parameters.
Thanks to its type, the matrices of linearized parameters will
not lose their full rank. And its inversion will be accurate and
quickly calculated. For the rest of this paper, in X-parameters
and linearized network matrices, the dependence on the LSOP
is omitted to reduce the size of equations

[B] = [X][A] (17)[ [B1]
[A1]

]
= [Tnonlin]

[ [A2]
[B2]

]
(18)

[V ] = [Znonlin] [I ] (19)

[I ] = [Ynonlin] [V ] (20)[ [V1]
[I1]

]
= [ABC Dnonlin]

[ [V2]
[I2]

]
=

[ [A] [B]
[C] [D]

] [ [V2]
[I2]

]
(21)

[ [I1]
[V2]

]
= [Gnonlin]

[ [V1]
[I2]

]
(22)

[ [V1]
[I2]

]
= [Hnonlin]

[ [I1]
[V2]

]
. (23)

where the X matrix can be represented by

[X] =
[ [X11] [X12]

[X21] [X22]
]

(24)

and (25), shown at the bottom of the next page.

The linearized Z-, Y -, ABCD-, G-, or H-parameters can be
represented by the general matrix [Rnonlin]. If N harmonics
are considered and for a two-port circuit, matrix [R] has the
size of 4N × 4N

[Rnonlin] =
[ [R11] [R12]

[R21] [R22]
]

(26)

and (27), shown at the bottom of the next page.
Actually, terms Spmq j and Tpmq j do not depend only

on |a11|, but they are complex functions of the frequency,
the magnitude of the excitation at the fundamental |a11|, and
terminations at source �S and load �L . The load-dependent
X-parameters were introduced to circumvent the limited accu-
racy of the poly-harmonic distortion model. And it consists of
a set of X-parameters measured at different source and load
terminations. At this time, there is no measurement capability
to gather directly the linearized network parameters values.
The NVNA can be used together with a source and load tuner
to measure load-dependent X-parameters across the Smith
Chart. The linearized network parameters are extracted from
X-parameter measurement under the same conditions: same
input power, same dc voltages, same fundamental frequency,
and same source and load terminations. Using the conversion
rules listed below, linearized network parameters data can be
extracted and will be ready for use. To reduce data size, source
and load grid can be optimized. The grid can be defined by
the error between measured- and predicted-dependent variable
waveforms and by the used interpolation and extrapolation
algorithms.

III. CONVERSION BETWEEN LINEARIZED

TWO-PORT NETWORK PARAMETERS

In this section, a transparent matricial transformation
between linearized parameters will be presented. In this paper,
it is assumed that the noise level is very low in a way
that can be neglected and does not affect the conversion
rules. Generally, low-noise setup and configuration is used to
measure X-parameters.

A. Conversion From X- to Linearized Z-, Y-, ABCD-,
G-, H-, and T-Parameters

The relation between A waves and B waves through
X-parameters are represented by (17). The A-wave and
B-wave vectors are defined as: [B] = [[B1], [B2]]T and
[A] = [[A1], [A2]]T and [Bi ] = [ bi1 b∗

i1 . . . bin b∗
in ]T

and [Ai ] = [ ai1 a∗
i1 . . . ain a∗

in ]T .
The basic quantities used for X-parameters are traveling

voltage waves [10]. The waves are defined as linear com-
binations of the signal port voltage v and the signal port
current i [9]. The incident waves are called the a waves
and the scattered waves are called the b waves. They are
defined in (28) and (29), as in [11]. Each spectral component
has an associated harmonic index, which denotes the ratio
between the associated frequency and the fundamental tone.
The harmonic index is indicated by the last subscript k. The
first subscript i indicates the respective DUT signal port.
Port 1 typically corresponds to the input and port 2 to the
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output of the DUT. The incident waves aik and scattered waves
bik are defined as functions of the spectral components of
voltage vik , current iik , and the reference impedance Zc that
is assumed to be a real constant in this paper

aik = vik + Zciik

2
(28)

bik = vik − Zciik

2
. (29)

Harmonic voltages and currents can be expressed, respec-
tively, in the following equations as a function of spectral
components of incident and scattered waves

vik = aik + bik (30)

iik = aik − bik

Zc
. (31)

Substituting a jl and bik by their expression in (28) and (29),
linearized Z-parameters, Y -parameters, G-parameters,
H-parameters, and ABCD-parameters can be derived in terms
of X-parameters. Equation (17) is equivalent to

[V ] − Zc[I ] = [X]{[V ] + Zc[I ]} (32)

where [V ] = [[V1], [V2]]T and [I ] = [[I1], [I2]]T are,
respectively, the voltage and current vectors. The subvector
[Vi ] = [ vi1 v∗

i1 · · · vin v∗
in ]T is expressed in terms of n

harmonic voltage components. The current subvector is [Ii ] =
[ ii1 i∗

i1 · · · iin i∗
in ]T . Equation (32) is equivalent to

[V ] = Zc[[Id ] − [X]]−1[[Id ] + [X]][I ] (33)

where [Id ] is the identity matrix. Therefore, the linearized
impedance matrix can be defined to describe the rela-
tionship between harmonic voltages and harmonic current
components

[Znonlin] = Zc [[Id] − [X]]−1 [[Id] + [X]] . (34)

From (33), the expression of current vector in terms of volt-
age vector and X-parameters can be derived and its expression
is

[I ] = 1

Zc
[[Id ] + [X]]−1 [[Id ] − [X]] [V ]. (35)

Thus, the linearized admittance matrix can be defined
in (36) to describe the relationship between harmonic currents
and harmonic voltages in

[Ynonlin] = 1

Zc
{[Id] + [X]}−1 {[Id] − [X]} . (36)

To determine linearized [A] and [C] submatrices in terms
of X-parameters, vector [I2] should be assumed to be a null
vector [0]. In this case, (17) is equivalent to

[ [V1] − Zc[I1]
[V2]

]
=

[ [X11] [X12]
[X21] [X22]

] [ [V1] + Zc[I1]
[V2]

]
.

(37)

The manipulation of (37) leads to the expression of [A] and
[C] submatrices in

[A] = [Id + [Id − X11]−1[Id + X11]]−1

· {[Id − X11]−1[Id + X11][X21]−1[Id − X22]
+ [Id − X11]−1[X12]} (38)

[C] = 1

Zc
[X22]−1[Id − X22]

− 1

Zc
[Id + [Id − X11]−1[Id + X11]]−1

{[Id − X11]−1[Id + X11][X21]−1[Id − X22]
+ [Id − X11]−1[X12]}. (39)

Similarly, to determine linearized [B] and [D] submatrices in
terms of X-parameters, [V2] is assumed to be equal to [0].
In this case, (17) is equivalent to

[ [V1] − Zc[I1]
−Zc[I2]

]
=

[ [X11] [X12]
[X21] [X22]

] [ [V1] + Zc[I1]
Zc[I2]

]
.

(40)

The manipulation of (40) leads to the expression of [B] and
[D] in

[B] = Zc

2
([X12] − [Id + X11][X21]−1[Id + X22]) (41)

[D] = 1

2
([[X11]−[Id]][X21]−1[[Id ]+[X22]]−[X12]). (42)

To derive the expression of linearized G-parameters in terms
of linearized X-parameters, the expression of voltage waves

[
Xij

]
i=1,2
j=1,2

=

⎡

⎢⎢⎢⎢⎢⎢⎣

Si1 j1 P1−1 Ti1 j1 P1+1 . . . Si1 j n P1−n Ti1 j n P1+n

T ∗
i1 j1

P−(1+1) S∗
i1 j1

P−(1−1) . . . T ∗
i1 jn

P−(1+n) S∗
i1 jn

P−(1−n)

...
...

. . .
...

...

Sinj1 Pn−1 Tinj1 Pn+1 . . . Sinjn Pn−n Tinjn Pn+n

T ∗
in j1

P−(n+1) S∗
in j1

P−(n−1) . . . T ∗
in jn

P−(n+n) S∗
in jn

P−(n−n)

⎤

⎥⎥⎥⎥⎥⎥⎦
(25)

[
Rij

]
i = 1, 2
j = 1, 2

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

Rα
i1 j1 P1−1 Rβ

i1 j1 P1+1 . . . Rα
i1 j n P1−n Rβ

i1 j n P1+n

Rβ∗
i1 j1 P−(1+1) Rα∗

i1 j1 P−(1−1) . . . Rβ∗
i1 j n P−(1+n) Rα∗

i1 j n P−(1−n)

...
...

. . .
...

...

Rα
in j1 Pn−1 Rβ

in j1 Pn+1 . . . Rα
in jn Pn−n Rβ

in jn Pn+n

Rβ∗
in j1 P−(n+1) Rα∗

in j1 P−(n−1) . . . Rβ∗
in jn P−(n+n) Rα∗

in jn P−(n−n)

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

(27)
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in terms of harmonic voltages (28), (29) is used. Then, the
expressions of [G11], [G12], [G21] and [G22] are, respectively,
in the following equations:

[G11] = −1

Zc
[[Id ] + [X11] + [X12][[Id ] − [X22]]−1[X21]]−1

· [[X11] − [Id ] + [X12][[Id ] − [X22]]−1[X21]]
(43)

[G21] = 2[[X12] + [[X11] + [Id ]][X21]−1[[Id ] − [X22]]]−1

(44)

[G12] = 2[[[X22] − [Id ]][X12]−1[[X11] + [Id ]] − [X21]]−1

(45)

[G22] = Zc[[X21] − [[X22] + [Id ]][X12]−1[[X11] + [Id ]]]
·[[[X22] − [Id ]][X12]−1[[X11] + [Id ]] − [X21]]−1.

(46)

In (37), assuming [V2] = 0 allows calculating [H11] and
[H21] and assuming [I1] = 0 allows calculating [H12] and
[H22]. Then, the expressions of [H11], [H21], [H12], and [H22]
are, respectively, in the following equations:

[H11] = Zc[[Id ] − [X11]+[X12][Id +X22]−1[X21]]−1

· [[Id ]+[X11] − [X12][Id +X22]−1[X21]] (47)

[H21] = −[Id +X22]−1[X21]
· {[Id ]+[[Id] − [X11]+[X12][Id +X22]−1[X21]]−1.

· [[Id ]+[X11] − [X12][Id +X22]−1[X21]]} (48)

[H12] = [[Id ] − [X11]+[X12][Id +X22]−1[X21]]−1

· [[X12] − [X12][Id +X22]−1[X22 − Id ]] (49)

[H22] = 1

Zc
[[Id ]+[X22]+[X21][Id − X11]−1[X12]]−1

· [[Id ] − [X22] − [X21][Id − X11]−1[X12]]. (50)

The expressions of [T11] and [T21] in terms of X-parameters
are determined in (51) and (52) by assuming that [B2] = [0].
The expressions of [T12] and [T22] in terms of X-parameters
are determined in (53) and (54) by assuming that [A2] = [0]

[T11] = [X12] − [X11][X21]−1[X22] (51)

[T21] = −[X21]−1[X22] (52)

[T12] = [X11][X21]−1 (53)

[T22] = [X21]−1. (54)

Conversion rules are independent of the definition of the
a and b waves. Whether traveling voltage waves or power
waves or pseudowaves are used, the expressions of the nonlin-
ear parameters are the same. By substituting A- and B-power
waves by their expression in terms of voltages and cur-
rent in (55) and (56) [12], and by simplifying by 1/2

√
Zc,

X-parameter equation is equivalent to (57)

a jl = v j l + Zci j l

2
√

Zc
(55)

b jl = v j l − Zci j l

2
√

Zc
(56)

[V ] − Zc[I ] = [X]{[V ] + Zc[I ]}. (57)

Equation (57) is equivalent to

[I ] = 1

Zc
[[Id ] + [X]]−1 [[Id ] − [X]] [V ]. (58)

Therefore, the nonlinear admittance matrix can be defined
to describe the relationship between harmonic currents and
harmonic voltage components

[Ynonlin] = 1

Zc
[[Id ] + [X]]−1 [[Id ] − [X]] [V ]. (59)

If pseudowave definition is used [12], term (Re(Zref))
1/2/

(2|Zref |) is simplified, and the same expression of linearized
two-port network parameters is obtained.

B. Conversion From Linearized Z- to X-, linearized T-, H-,
G-, ABCD-, and Y-Parameters

Linearized Z-parameters use voltages and currents, whereas
X- and linearized T -parameters use traveling waves. To derive
the expression of X- and linearized T -parameters in terms of
linearized Z-parameters, (30) and (31) are used. Equation (19)
is equivalent to

[A] + [B] = 1

Zc
[Znonlin] {[A] − [B]} . (60)

The expression of the B vector in terms of the A vector will
lead to the expression of X-parameters in terms of linearized
Z-parameters

[X] =
[
[Id ] + 1

Zc
[Znonlin]

]−1 [
1

Zc
[Znonlin] − [Id ]

]
. (61)

The expressions of linearized T -submatrices [T11], [T21],
[T12], and [T22] in terms of linearized Z-parameters are,
respectively, derived in (72)–(75). [T11] and [T21] are obtained
by assuming [B2] = [0]. [T12] and [T22] are obtained by
assuming [A2] = [0]

[T11] = [Z12]
2Zc

+ 1

2

( [Z11]
Zc

−[Id ]
)

(Zc[Z21]−1−[Z21]−1[Z22])
(62)

[T21] = [Z12]
2Zc

+ 1

2

( [Z11]
Zc

+[Id ]
)

(Zc[Z21]−1−[Z21]−1[Z22])
(63)

[T12] = 1

2
([Z11] − Zc[Id ])[Z21]−1

( [Z22]
Zc

+[Id ]
)

− [Z12]
2Zc

(64)

[T12] = 1

2
([Z11] − Zc[Id ])[Z21]−1

( [Z22]
Zc

+[Id ]
)

− [Z12]
2Zc

.

(65)

The expressions of linearized H-, G-, ABCD-, and Y -
parameters in terms of linearized Z-parameters are derived and
presented, respectively, in the following equations:

[H11] = [Z11] − [Z12][Z22]−1[Z21] (66)

[H21] = −[Z22]−1[Z21] (67)

[H12] = [Z12][Z22]−1 (68)

[H22] = [Z22]−1 (69)

[G11] = [Z11]−1 (70)
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[G21] = [Z21][Z11]−1 (71)

[G12] = −[Z11]−1[Z12] (72)

[G22] = [Z22] − [Z21][Z11]−1[Z12] (73)

[A] = [Z11][Z21]−1 (74)

[C] = [Z21]−1 (75)

[B] = [Z12] − [Z11][Z21]−1[Z22] (76)

[D] = −[Z21]−1[Z22] (77)

[Ynonlin] = [Znonlin]−1 . (78)

For the remaining conversion rules, to derive wave-based
linearized network parameters ([X] or [T ]) [A1], [A2],
[B1] or [B2] have to be set to [0]. And, to derive voltage-
/current-based linearized network parameters, [V1], [V2], [I1],
or [I2] have to be set to [0].

C. Conversion From Linearized Y- to X-, Linearized T-, H-,
G-, ABCD- and Z-Parameters

The expressions of X-, linearized T -, H-, G-, ABCD- and
Z-parameters in terms of linearized Y -parameters are formu-
lated in the following expressions:

[X] = [[Id] − Zc[Ynonlin]][Zc[Ynonlin] + [Id]]−1 (79)

[T11] = 1

2
([Id ] − Zc[Y11]) [Y21]−1

( [Id ]
Zc

− [Y22]
)

− 1

2
Zc[Y12]. (80)

[T21] = 1

2
(Zc[Y11] + [Id ]) [Y21]−1

( [Id ]
Zc

− [Y22]
)

+ 1

2
Zc[Y12] (81)

[T12] = 1

2

{
(Zc[Y11] − [Id ]) [Y21]−1

×
( [Id ]

Zc
+ [Y22]

)
− Zc[Y12]

}
(82)

[T22] = 1

2

{
Zc[Y12] − (Zc[Y11] + [Id ]) [Y21]−1

×
( [Id ]

Zc
+ [Y22]

)}
(83)

[H11] = [Y11]−1 (84)

[H21] = [Y21][Y11]−1 (85)

[H12] = −[Y11]−1[Y12] (86)

[H22] = [Y22] − [Y21][Y11]−1[Y12] (87)

[G11] = [Y11] − [Y12][Y22]−1[Y21] (88)

[G21] = −[Y22]−1[Y21] (89)

[G12] = [Y12][Y22]−1 (90)

[G22] = [Y22]−1 (91)

[A] = −[Y21]−1[Y22] (92)

[C] = [Y12] − [Y11][Y21]−1[Y22] (93)

[B] = [Y21]−1 (94)

[D] = [Y11][Y21]−1 (95)

[Znonlin] = [Ynonlin]−1 . (96)

D. Conversion From Linearized ABCD- to X-,
Linearized T-, Z-, Y-, H-, and G-Parameters

The expressions of X, linearized T -, Z-, Y -, H-, and
G-parameters in terms of linearized ABCD-parameters are
derived in the following equations:

[X11] = 2

[
[A]− [B]

Zc

] [
[A]− [B]

Zc
+Zc[C]−[D]

]−1

−[Id ]
(97)

[X21] = 2

[
[A] − [B]

Zc
+ Zc[C] − [D]

]−1

(98)

[X12] =
[
[A] + [B]

Zc

]
+

[
[A] − [B]

Zc

]
[X22] (99)

[X22] = −
[
[A] − [B]

Zc
+ Zc[C] − [D]

]−1

·
[
[A] + [B]

Zc
+ Zc[C] + [D]

]
(100)

[T11] = 1

2
([A] + 1/Zc[B] − Zc[C] − [D]) (101)

[T21] = 1

2
([A] + 1/Zc[B] + Zc[C] + [D]) (102)

[T12] = 1

2
([A] − 1/Zc[B] − Zc[C] + [D]) (103)

[T22] = 1

2
([A] − 1/Zc[B] + Zc[C] − [D]) (104)

[Z11] = [A][C]−1 (105)

[Z21] = [C]−1 (106)

[Z12] = [B] − [A][C]−1[D] (107)

[Z22] = −[C]−1[D] (108)

[Y11] = [D][B]−1 (109)

[Y21] = [B]−1 (110)

[Y12] = [C] − [D][B]−1[A] (111)

[Y22] = −[B]−1[A] (112)

[H11] = [B][D]−1 (113)

[H21] = [D]−1 (114)

[H12] = [A] − [B][D]−1[C] (115)

[H22] = −[D]−1[C] (116)

[G11] = [C][A]−1 (117)

[G21] = [A]−1 (118)

[G12] = [D] − [C][A]−1[B] (119)

[G22] = −[A]−1[B]. (120)

E. Conversion From Linearized T- to X-, Linearized
ABCD-, Z- Y-, H-, and G-Parameters

The expressions of X, linearized ABCD-, Z-, Y -, H-, and
G-parameters in terms of linearized T -parameters are derived
in the following equations:

[X11] = [T12][T22]−1 (121)

[X12] = [T11] − [T12][T22]−1[T21] (122)

[X21] = [T22]−1 (123)
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[X22] = −[T22]−1[T21] (124)

[A] = 1

2
([T11] + [T12] + [T21] + [T22]) (125)

[C] = 1

2Zc
([T21] + [T22] − [T11] − [T12]) (126)

[B] = Zc

2
([T11] − [T12] + [T21] − [T22]) (127)

[D] = 1

2
([T21] − [T22] − [T11] + [T12]) (128)

[Z11] = Zc([Id ] + 2[[T11] + [T12]]
· [[T21] + [T22] − [T11] − [T12]]−1) (129)

[Z21] = 2Zc[[T21] + [T22] − [T11] − [T12]]−1 (130)

[Z12] = Zc[[T21] − [T22]] + Zc[[T21] + [T22]]
· [[T11] + [T12] − [T21] − [T22]]−1

· [[T21] − [T22] − [T11] + [T12]] (131)

[Z22] = Zc[[T11] + [T12] − [T21] − [T22]]−1

· [[T21] − [T22] − [T11] + [T12]] (132)

[Y11] = 1

Zc
[[T21] − [T22] − [T11] + [T12]]

· [[T11] − [T12] + [T21] − [T22]]−1 (133)

[Y22] = − 1

Zc
[[T11] − [T12] + [T21] − [T22]]−1

· [[T11] + [T12] + [T21] + [T22]] (134)

[Y21] = 2

Zc
[[T11] − [T12] + [T21] − [T22]]−1 (135)

[Y12] = 1

Zc
([T21] + [T22]. − [[T21] − [T22]]

· [[T11] − [T12] + [T21] − [T22]]−1

· .[[T11] + [T12] + [T21] + [T22]]) (136)

[H11] = Zc[[T11] + [T21] − [T12] − [T22]]
· [[T21] − [T22] − [T11] + [T12]]−1 (137)

[H21] = 2[[T21] − [T22] − [T11] + [T12]]−1 (138)

[H12] = [T11] + [T12] + [[T11] − [T12]]
· [[T11] − [T12] − [T21] + [T22]]−1

· [[T21] + [T22] − [T11] − [T12]] (139)

[H22] = 1

Zc
[[T11] − [T12] − [T21] + [T22]]−1

· [[T21] + [T22] − [T11] − [T12]] (140)

[G11] = 1

Zc
[[T21] + [T22] − [T11] − [T12]]

· [[T11] + [T12] + [T21] + [T22]]−1 (141)

[G21] = 2[[T11] + [T12] + [T21] + [T22]]−1 (142)

[G22] = −Zc[[T11] + [T12] + [T21] + [T22]]−1

· [[T11] + [T21] − [T12] − [T22]] (143)

[G12] = [T21] − [T22] − [[T21] + [T22]]
· [[T11] + [T12] + [T21] + [T22]]−1

· [[T11] + [T21] − [T12] − [T22]]. (144)

F. Conversion From Linearized G- to X-, Linearized
T-, Z-, Y- ABCD-, and H-Parameters

The expressions of X-, linearized T -, Z-, Y -, ABCD-, and
H-parameters in terms of linearized G-parameters are derived
in the following expressions:

[X11] =
[
[G11]+ [Id ]

Zc
− [G12]

Zc

[
[Id ]+ [G22]

Zc

]−1

[G21]
]−1

·
[

[Id ]
Zc

−[G11]+ [G12]
Zc

[
[Id ]+ [G22]

Zc

]−1

[G21]
]

(145)

[X21] =
[
[Id ]+ [G22]

Zc

]−1

[G21]

×
{

[Id ]+ ·
[
[G11]+ [Id ]

Zc
− [G12]

Zc

×
[
[Id ]+ [G22]

Zc

]−1

[G21]
]−1

·
[
[Id ]
Zc

−[G11]+ [G12]
Zc

[
[Id ]+ [G22]

Zc

]−1

[G21]
]}

(146)

[X12] =
[
[G11]+ [Id ]

Zc
− [G12]

Zc

[
[Id ]+ [G22]

Zc

]−1

[G21]
]−1

· [G12]
Zc

[[
[Id ]+ [G22]

Zc

]−1 [ [G22]
Zc

−[Id]
]
−[Id ]

]

(147)

[X22] =
[
[Id ]+ [G22]

Zc

]−1

×
{

[G21] ·
[
[G11]+ [Id ]

Zc
− [G12]

Zc

×
[
[Id ]+ [G22]

Zc

]−1

[G21]
]−1

· [G12]
Zc

[[
[Id ]+ [G22]

Zc

]−1 [ [G22]
Zc

−[Id ]
]
−[Id ]

]

·+
[ [G22]

Zc
−[Id ]

]}

(148)

[T11] = 1

2

{
[[Id ] − Zc[G11]] [G21]−1

[
[Id ]− [G22]

Zc

]
−[G12]

}

(149)

[T21] = 1

2

{
[[Id ]+Zc[G11]] [G21]−1

[
[Id ]− [G22]

Zc

]
+[G12]

}

(150)

[T12] = 1

2

{
[[Id ] − Zc[G11]] [G21]−1

[
[Id ]+ [G22]

Zc

]
+[G12]

}

(151)

[T22] = 1

2

{
[[Id ]+Zc[G11]] [G21]−1

[
[Id ]+ [G22]

Zc

]
−[G12]

}

(152)
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[Z11] = [G11]−1 (153)

[Z21] = [G21][G11]−1 (154)

[Z12] = −[G11]−1[G12] (155)

[Z22] = [G22] − [G21][G11]−1[G12] (156)

[Y11] = [G11] − [G12][G22]−1[G21] (157)

[Y21] = −[G22]−1[G21] (158)

[Y12] = [G12][G22]−1 (159)

[Y22] = [G22]−1 (160)

[A] = [G21]−1 (161)

[C] = [G11][G21]−1 (162)

[B] = −[G21]−1[G22] (163)

[D] = [G12] − [G11][G21]−1[G22] (164)

[Hnonlin]

= [Gnonlin]−1 . (165)

G. Conversion From Linearized H- to X-, Linearized Z-,
Y- ABCD-, T-, and G-Parameters

The expressions of X-, linearized Z-, Y -, ABCD-, T -, and
G-parameters in terms of linearized H-parameters are derived
in the following equations:

[X11] =
[
[Id ]+ [H11]

Zc
−[H12]

[ [Id ]
Zc

+[H22]
]−1 [H21]

Zc

]−1

·
[

[H11]
Zc

−[Id ]−[H12]
[ [Id ]

Zc
+[H22]

]−1 [H21]
Zc

]

(166)

[X12] = − 2

Zc

[ [H21]
Zc

−
[ [Id ]

Zc
+[H22]

]
[H12]−1

×
[
[Id ]+ [H11]

Zc

]]−1

(167)

[X21] =
[[

Id

Zc

]
+[H22]

]−1 [H21]
Zc

·
⎧
⎨

⎩

[
[Id ]+ [H11]

Zc
−[H12]

[ [Id ]
Zc

+[H22]
]−1 [H21]

Zc

]−1

·
[

[H11]
Zc

−[Id ]−[H12]
[ [Id ]

Zc
+[H22]

]−1 [H21]
Zc

]

− [Id ]
⎫
⎬

⎭ (168)

[X22] = − 2

Zc
[H12]−1

[
[Id ]+ [H11]

Zc

]

·
[ [H21]

Zc
−

[ [Id ]
Zc

+[H22]
]

[H12]−1

×
[
[Id ]+ [H11]

Zc

]]−1

− [Id ] (169)

[Z11] = [H11]−[H12][H22]−1[H21] (170)

[Z21] = −[H22]−1[H21] (171)

[Z12] = [H12][H22]−1 (172)

[Z22] = [H22]−1 (173)

[Y11] = [H11]−1 (174)

[Y21] = [H21][H11]−1 (175)

[Y12] = −[H11]−1[H12] (176)

[Y22] = [H22]−[H21][H11]−1[H12] (177)

[A]= [H12]−[H11][H21]−1[H22] (178)

[B]= [H11][H21]−1 (179)

[C] = −[H21]−1[H22] (180)

[D] = [H21]−1 (181)

[T11] = 1

2

[
[H12]+Zc

[ [H11]
Zc

−[Id ]
]

[H21]−1

×
[ [Id ]

Zc
−[H22]

]]
(182)

[T21] = 1

2

[
[H12]+

[ [H11]
Zc

−[Id ]
]

[H21]−1 [[Id ]−Zc[H22]]
]

(183)

[T12] = 1

2

[
[H12]−

[ [H11]
Zc

−[Id ]
]

[H21]−1 [[Id ]+Zc[H22]]
]

(184)

[T22] = 1

2

[
[H12]−

[ [H11]
Zc

+[Id ]
]

[H21]−1 [[Id ]+Zc[H22]]
]

(185)

[Gnonlin]

= [Hnonlin]−1 . (186)

IV. LINEAR AND LINEARIZED OPERATION MODE

VALIDATION OF CONVERSION RULES BETWEEN

THE LINEARIZED TWO-PORT

NETWORK PARAMETERS

In order to not burden this paper with the validation of
all conversion rules between the linearized network para-
meters, we will limit this section to the validation of
the equations giving linearized Z-parameters. The validation
procedure of the remaining conversion rules between X-
parameters, linearized Y -parameters, linearized Z-parameters,
linearized ABCD-parameters, linearized T -parameters, lin-
earized G-parameters, and linearized H-parameters is done
with the same manner and good results are obtained for all of
them.

The process of the validation is explained by the flow graph
illustrated in Fig. 2. To verify the conversion rules from the
linearized two-port network parameters to Z-parameters, Fig. 3
illustrates the amplitude and phase of Z-parameters determined
from X-, linearized Y -, linearized ABCD-, linearized T -,
linearized G-, and linearized H-parameters. The validation
procedure consists on generating X-parameters of the PA that
is represented by its ADS model based on measurement file
“ZX602522M_X2P.xnp” from Keysight Technologies Inc.

X-parameter data are then transformed, by using the conver-
sion rules presented in Section III, to the remaining linearized
network parameters.

Then, the obtained linearized network parameters data are
transformed to Z-parameters. The linearized Z-parameters
data determined from linearized Y -, Z-, G-, H-, ABCD-,
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Fig. 2. Validation process of conversion rules between linearized two-port
network parameters.

and T -parameters are then compared. For a 2-port circuit
and considering the first three harmonics, 72 linearized
impedance terms could be obtained. In order to keep the
figures legible, only six arbitrary terms are presented: Zβ

2322,
Zβ

2222, Zα
1212, Zα

1123, Zβ
2121, and Zα

1322. Fig. 3 illustrates
a very good agreement between Z-parameters calculated
from X-parameters and the remaining linearized two-port
network parameters. In the advanced design system (ADS),
a frequency-domain defined (FDD) component enables the
spectral values of current and voltage to be expressed in

Fig. 3. (a) Amplitude and (b) phase of a set of Z-parameters converted from
X-, linearized Y -, ABCD-, T -, H-, and G-parameters.

terms of other harmonic components of voltages and cur-
rents through algebraic relationships. FDD components can
describe input and output voltage components or current
components; therefore, the relation between the input or out-
put spectral component voltages and currents is required.
FDD components can describe input and output voltage com-
ponents or current components; therefore, nonlinear network
parameters can be implemented in ADS. A data access com-
ponent is used to get access to the values of the nonlinear
impedances that are extracted from X-parameter measurements
file of an unpackaged CMOS transistor in a cascode config-
uration. Both of nonlinear parameters and X-parameters are
extracted under the same conditions, i.e., bias, input power and
impedance terminations at the fundamental and the harmonics
in source and load sides.

Harmonic balance simulation is carried out to simulate and
deduce the transducer gain of an unpackaged cascade device
under different load terminations using both X- and linearized
Z-parameters. Both X and linearized Z-parameters lead to
the same values as shown in Fig. 4. X-parameters reduce to
S-parameters when the device is operated in linear mode.
For small |a11| (linear operation), the expressions of nonlinear
parameters terms vanish to linear network parameters.
Besides, in linear operation mode, conversion rules between
nonlinear parameters are also reduced to their linear
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Fig. 4. Comparison between transducer gain obtained at different loads:
Zload1(fund) = 6.25 + j0.198	, Zload2(fund) = 52.23 + j0.57 	, and
Zload3(fund) = 10.89 + j50.227 	. The impedance at the second harmonic is
Zload(2∗ fund) = 6.18 	. The impedance at the higher harmonic components
is arbitrary.

Fig. 5. Cascade connection of two nonlinear networks.

counterparts [13]. Nonlinear T -parameters can be used to
model a cascaded configuration of nonlinear systems. The
cascaded configuration of two nonlinear components is
illustrated in Fig. 5. The relations between a and b waves
through nonlinear T -parameters of the first and second
nonlinear components are expressed as

[ [
B1x;x=a,b

]

[
A1x;x=a,b

]

]
= [

Tnonlinx;x=A,B
]
[ [

A2x;x=a,b
]

[
B2x;x=a,b

]

]
. (187)

Multiharmonic wave vector [B2a] scattered at the output
of the first nonlinear component is equal to multiharmonic
wave vector [A1b] incident to the second nonlinear compo-
nents. Moreover, multiharmonic wave vector [B1b] scattered
at the input of the second nonlinear component is equal
to multiharmonic wave vector [A2a] incident to the second
nonlinear components at its output. Thus, [[A2a], [B2a]]T is
equal to [[B1b], [A1b]]T , and the relation between a and b
waves of the whole system is given by

[
[B1a]
[A1a]

]
= [TnonlinA] × [TnonlinB]

[
[A2b]
[B2b]

]
. (188)

The equivalent nonlinear T -parameters are the products of
nonlinear T -parameters of both nonlinear components

[
Tnonlin_Eq

] = [TnonlinA] × [TnonlinB] . (189)

The validity of analytical cascaded nonlinear T -parameters
was evaluated by measuring the X-parameters of a nonlinear

Fig. 6. Comparison between the (a) logarithmic amplitude and the (b) phase
of a random set of nonlinear T -parameters calculated from the X-parameters
of a cascaded system and those calculated through the cascaded nonlinear T
expressions in (189).

cascaded system of two mini-circuits PAs, ZFL11AD and
ZX602522M. X-parameters simulations of xnp measurement
files in ADS simulator software could be sufficient to validate
the cascade behavior. The .xnp files are in generic MDIF
file format. They contain the multi-dimensional measured
X-parameters. X-parameters simulations are used to generate
X-parameters data of the whole cascaded system and of each
individual component under the same conditions as when
it is in the cascaded network. The comparison between the
amplitudes and phases in Fig. 6 demonstrates a good agree-
ment between the nonlinear T -parameters calculated from the
X-parameters of the cascaded system and the results of the
multiplication of nonlinear T matrices calculated from the
X-parameters of each component. In Fig. 6, only seven arbi-
trary terms are considered: T β

1311, T α
1211, T α

1221, T β
1321, T β

2112,
and T α

2221.

V. CONCLUSION

X-parameters are superset of S-parameters useful to char-
acterize linear and nonlinear circuits operating in small- and
large-signal regimes. However, in its form, X-parameters are
not suitable for the analytic analysis of different network
configurations. Other linearized network two-port parame-
ters (linearized Z-parameters, linearized Y -parameters, lin-
earized ABCD-parameters, linearized T -parameters, linearized
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G- parameters, and linearized H-parameters are able to charac-
terize any network topology. They can describe any topology
of all linear, all nonlinear or a mixed of linear and nonlinear
components. Most of these parameters use harmonic voltage
and current as dependent and independent parameters. There-
fore, it is impractical to measure them especially at higher
frequency. The unique available measurement tool is a mixer-
based NVNA [14] introduced by Keysight Technologies. It is
a combination of NVNA with X-parameters [4]. To get the
values of the linearized network parameters, measured or sim-
ulated X-parameters data can be used jointly to the conversion
rules derived in this paper.
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 APPENDIX D   

Two - Port Parameter 
Conversion       

     Conversion between the  z ,  y ,  h , and  g  two - port voltage – current parameters is 
simply rearrangement of two linear equations relating voltages and currents 
at the two ports. Converting between these and the  S  parameters requires 
relating the voltage waves to voltages and currents. This latter relationship 
always includes the characteristic impedance,  Z  0 , by which the  S  parameters 
are referenced. Typically, this value is 50    Ω . Table  D.1  shows this conversion. 
The program PARCONV is basically a code of many of the conversions in 
Table  D.1 .   

 The defi nitions of the various two - port parameters are described below. In 
each case, it is assumed that the current is fl owing into the port terminal:
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 For conversion to and from  S  parameters for circuits with more than two 
ports, the following formulas may be used  [1] . Each variable is understood to 
be a matrix representing the  S ,  z , or  y  parameters. The conversion formulas are

    S F Z G Z G F= −( ) +( )− −* 1 1     (D.7)  

    Z F I S SG G F= −( ) +( )− −1 1 *     (D.8)  

    S F I G Y I GY F= −( ) +( )− −* 1 1     (D.9)  

    Y F G I S I S F= +( ) −( )− − −1 1 1     (D.10)  
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 The  I  in Eqs.  (D.8)  through  (D.10)  is the square identity matrix, and the  Z  0   i , 
i     =    1   …  n , are the characteristic impedances associated with each of the ports. 
An example of the usage of PARCONV is shown below. In using the program, 
make sure to include the decimals with the input data. Boldface values repre-
sent user inputs to the program. To exit the program use Ctrl. C.  

 TYPE SOURCE AND LOAD REFERENCE IMPEDANCE Z01,Z02  =  
 50., 50. Y  -  -  >  S  =  YS OR S  -  -  >  Y  =  SY 
 Z  -  -  >  S  =  ZS OR S  -  -  >  Z  =  SZ 
 ABCD  -  -  >  S  =  AS OR S  -  -  >  ABCD  =  SA 
 H  -  -  >  S  =  HS OR S  -  -  >  H  =  SH 
 H  -  -  >  Z  =  HZ OR Z  -  -  >  H  = ZH 
  SY  
 INPUT S11, MAG. AND PHASE (deg) 
  .9,  − 80.  
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APPENDIX D TWO-PORT PARAMETER CONVERSION 367

  TABLE D.2     S  - Parameter to Hybrid Parameter Conversion Chart 

         S       h   

   S  11      S  11           

   S  12      S  12           

   S  21      S  21           

   S  22      S  22           

   h  11              h  11   

   h  12              h  12   

   h  21              h  21   

   h  22              h  22   

h Z h Z h h Z
h Z h Z h h Z

11 0 22 0 12 21 0

11 0 22 0 12 21 0

1
1

−( ) +( ) −
+( ) +( ) −

2
1

12 0

11 0 22 0 12 21 0

h Z
h Z h Z h h Z+( ) +( ) −

−
+( ) +( ) −

2
1

12 0

11 0 22 0 12 21 0

h Z
h Z h Z h h Z

h Z h Z h h Z
h Z h Z h h Z

11 0 22 0 12 21 0

11 0 22 0 12 21 0

1
1

+( ) −( ) +
+( ) +( ) −

Z
S S S S
S S S SS

0
11 22 12 21

11 22 12 21

1 1
1 1

+( ) +( ) −
−( ) +( ) +

2
1 1

12

11 22 12 21

S
S S S SS−( ) +( ) +

1 1 1
1 10

11 22 12 21

11 22 12 21Z
S S S S
S S S SS

−( ) −( ) −
−( ) +( ) +

−
−( ) +( ) +

2
1 1

21

11 22 12 21

S
S S S SS

 INPUT S21, MAG. AND PHASE (deg) 
  1.9, 112.  
 INPUT S12, MAG. AND PHASE (deg) 
  0.043, 48.  
 INPUT S22, MAG. AND PHASE (deg) 
  0.7,  − 70.  
 Y(1,1)  =  .162912E - 02 J .156482E - 01 
 Y(1,2)  =  .304363E - 03 J  - .759390E - 03 
 Y(2,1)  =  .360540E - 01 J  - .262179E - 02 
 Y(2,2)  =  .483468E - 02 J .123116E - 01 
 Y  -  -  >  S  =  YS OR S  -  -  >  Y  =  SY 
 Z  -  -  >  S  =  ZS OR S  -  -  >  Z  =  SZ 
 ABCD  -  -  >  S  =  AS OR S  -  -  >  ABCD  =  SA 
 H  -  -  >  S  =  HS OR S  -  -  >  H  =  SH 
 H  -  -  >  Z  =  HZ OR Z  -  -  >  H  = ZH  

 Table  D.2  provides a direct conversion between two - port  S  parameters and 
two - port  h  parameters. This can be convenient with transistor models that are 
given in terms of  h  parameters.  
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