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Transmission-Line Theory

We need transmission-line theory whenever the length of a line
IS significant compared to a wavelength.




2 conductors: cl=signal, c2=ground

4 per-unit-length parameters:

( O

C = capacitance/length [F/m]

L = inductance/length [H/m]

R = resistance/length [Q/m]

G = conductance/length [¢5/m or S/m]
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Note: There are equal and opposite currents on the two conductors.
(We only need to work with the current on the top conductor, since we have chosen to put all of the series elements there.)
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To combine these, take the derivative of the first one with
respect to z:

ﬁv:_R@_Lﬁ(@lj

2
0z Oz 0z Switch the order of the

81' a ( 81) / derivatives.

= —R —Gv—C@ 1l
ot or
\ /

—-Gv—
82 8t




v _ —R{—Gv—Ca‘/}—L{—Gﬁv—Ca "}
oz ot ot o

Hence, we have:

o'v
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The same differential equation also holds for i.

Note: There is no exact solution in the time domain, in the lossy case.



Time-Harmonic (=Sinusoidal) Waves:

0

v(t) = Acos(wt + @), V:Aej¢(phas0r of v), §—>ja)
o (RG)v—(RC+LG)8V—LC(a "j =0
oz’ ot ot

dVv

= (RG)V —(RC+LG)joV - LC(-w" )V =0
Z



d C/ =(RG)V + jo(RC+ LG)V —(&’LC)V

dz

Note that

RG+ jo(RC+LG)—-w’'LC=(R+ joL)(G+ joC)

/Z = R+ jwl = seriesimpedance / unitlength

Y =G+ jwC = parallel admittance / unit length

Then we can write: a¥ =(ZY)V
dz’
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Phasor Domain

V() = Vpcos(wt + @)
= Re[ Voe! e/

i

Phasor counterparv(f)

Time Domain Phasor Domain

v(t) = Vi cos wt «> V=1V,

v(t) = Vocos(wt +¢) <> V= Vyel?.

Ifp = —7/2,

v(t) = Vocos(wt —m/2) <=>» V = Voe_j”/2.



Time and Phasor Domain

X X : :
= It is much easier to
A cos wt > A ]
A cos(wr + ¢) > Acl? deal with _ _
_ Acos(er + 6) - A i@t exponentials in the
A sin ot — A2 —_ja | Phasor domain than
Asin(wr + ¢) o AT/ sinusoidal relations
—Asin(wr + ¢) >  Aci@tn/2) INn the time domain
%(.x(r)) > joX
p , Just need to track
T[Acos@i+ )] > jode magnitude/phase,
fx(f) ar - Lx knowing that

Jw . -

L everything iIs at
[Acos(cur—l-qb) di <> — Ael?

jo frequency w




Complex Numbers

We will find it 1s useful to represent =1
sinusoids as complex numbers

Z=Xx+jy Rectangular Re(z)=x
coordinates

z=|zl£0 =|zle’? _ Im(z) =
| | | | Polar coordinates @)=y
jlﬂ(Z) _ 0 .
A x = |2 cos Relations based
V- 2y klsmo on Euler’s
2=y ldentity

0= tan~! (y/x)

e’’ =cos@ = jsinb

>~ He(z)




Define 7/2 =7Y Then — = v’ V(Z)
dz
Solution: _
V(z)=Ae 7 + Be™””
~yz L : :
Ae . voltage wave propagating in +z direction
Be'’* : voltage wave propagating in —z direction
y Is called the “propagation constant”.
We have:

y =[(R+ joL)(G + joC)]"”

Question: Which sign of the square root is correct?




y =[(R+ joL)(G + joC)]"”

We choose the principal square root.

Principal square root: z = re’’

\/;: \/;ejm —1 < 6@ <7 (Note the square-root (“radical”’) symbol here.)

—> Re(\/;)ZO

Hence

¥ =yJ(R+ joL)(G+ joC) Rey=0



y =J(R+ joL)(G + joC)

Denote: 7/

Jp

/

Y = propagation constant [1/m]

N\

[ = phase constant [rad/m]

o = attenuation contant [np/m]

ad=Rey =0
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Wave traveling in +z direction:

V(z) =Ade " = de “e " (y=a+jp)

|

Wave is attenuating as it propagates.

Wave traveling in —z direction:

V(z) = Ae? = de* et (r=a+jp)

T

Wave is attenuating as it propagates.
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Attenuation in dB/m: V(z) = de % IP?

v

out

V.

m

Attenuationin dB =-20log,, [

J

e
=-20log,, ‘A‘

=-20(0.4343)(~az)
= 8.686a2

Note: log,,(x)=0.4343 In(x)

a(dB/m) =8.686 a(Np/m)
Np: neper, ] Np=e"' =0.37




V(z) = Ade™”* = Ae % e F? y=a+jpf

V(Z) = de” /" = de % e /" k.=p-Jja

y = jk.

y = \/(R + joL) G+ jwC)  "(complex) propagation constant"

k. = —j\/(R+ja)L)(G+ja)C) "(complex) wavenumber”



Forward travelling wave (a wave traveling in the positive z direction):

Vi(z)=Vye " =V, e

-z e—j,Bz

vi(z,1) = Re{(VJr ez gmIbE )ej”t}

el

Ve % cos(wt— Bz + @)

o7 )e—az o IPz )eja)t}

-
e z

The wave “repeats” when:

pA, =2m

Hence:

27
z f=—

\/

“snapshot” of wave
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Let’s track the velocity of a fixed point on the wave (a point of constant
phase), e.g., the crest of the wave.

\ p (phase velocity)
A\A z

vi(z,t) = ‘Vo+ “ cos(wt — Bz + @)
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Set @t — [z = constant

dz
w—p—=0
'Bdt
dz w
dt f

Hence Vv, =




AAVAA

Assumption: A wave is traveling in the positive z direction.

Zy

V™ (2)
["(z)

: characteristic impedance

V+ (Z) — V0+e_7/2

[T(z)=1e™ "

+
0

(Note: Z, is a number, not a function of z.)
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Use first Telegrapher’s Equation:

ov R 61

P oy

SO

d—V =—RI - joLl =-ZI
dz

V() =V e
IY(z)=1je"

Recall: A+

Hence _7/V+ 77— Z]+ ~7z



From this we have: 7 = 0 _

17 JZY
Use:
Z=R+ joL
. — Both are in the first quadrant
Y=G+ joC

— ¥y =~/ ZY e first quadrant

= Z, =72 /~ZY € right-half plane

—>ReZ, =0

(principal square root)
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Hence, we have
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7 Z R+ja)L=1
’ Y G+ joC Y,

y=(R+ joL) G+ joC)
yZy=R+ joL, yY, =G+ joC
R=Re(yZ,)

L=Im(yZ,)/ o

G =Re(yY)

C=Im(yY,)/ w




Viz)=Vye 7" +Vye”

Wave in +z Q

direction

]¢ —az —]ﬂz ‘V ‘ jo —I—az —I—]ﬂz

Wave in -z
direction

In the time domain:
v(z,t)=Re{V(z)e’|
@ cos(a)t — Bz + ¢+)

+ ‘VO_

e cos(a)t + [z + ¢_)
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Backward wave
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A wave is traveling in the negative z direction.

V(2)
=/
Iz T T

Note:
The reference directions for voltage and current are chosen the
same as for the forward wave.




- V'V W\

Most general case: A general superposition of forward and
backward traveling waves:

V(2)=Vy e 7 +Vy e

I(2)= ZLO[VO+6—7Z _ Vo—eﬂ/z]
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T r(z)
V(Z) — VO+€_?/Z + VO_€+7/Z
Guided wavelength:
V. Vo
](z)z—oe_yz——oewz 27

P

y=a+jf=\(R+joL)(G+ joC)

\/R+ja)L
Zy= :
G+ joC

Phase velocity:

@
v, =—

»= g [m/s]

Attenuationin dB/m = 8.686«
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R<<wlL, G<<wC

y=a+ jf=(R+ joL) G+ joC)

=J(ij>(ij>J(1—jﬁJ[1—j%
1£R Gj

o=—|—+—
2\ z, ' 1,

B =wNLC - RG <w~NLC

4o~ LC

R
wl|1—7]—
J J j 7

joCl1—-j——

j%jw\/i(l—j

L( RG j | \F ( R G j
C 40’ LC C\2wlL 20wC

R

2L

|

o G
]2wC

J



R=0, G=0

y=a+jB =R+ ij)(fé + jaC)
:ja)\/ﬁ

a=0 _w
SO P IB

,Bza)\/ﬁ

s + jwL = 7 L b |
"\ G+ joC "Nc 7 JLC

(real and independent of freq.)  (independent of freq.)




Example RLGC Parameters

RG-59 Coax

e

R=36 mQ/m
L =430 nH/m
G=10 xO/m
C=69 pF/m

FARCHRE Y.

CAT5 Twisted Pair

R=176 mQ/m
L =490 nH/m
G=2 pyO/m
C =49 pF/m
2o =100:£2

P

Microstrip

R=150 mQ/m
L =364 nH/m
G=3 uO/m
C =107 pF/m
Z,=50Q

T

¥
s
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The Lossless Circular Coax

Fundamental Parameters (derived in EE 3321)

L= %E+ In EJ] (H/m)

Attenuation Coefficient,
a=0

Phase Constant, f#
P =\ ue

Characteristic Impedance, Z,

Z, =R, + jX, = %m [S] a<b

_ (0 _
RU-ZEII{ ) X,

a
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Typical RLGC for RG-59 Coax at 2 GHz | mu ED EW |

The typical RG-59 coaxial cable operating at 2.0 GHz has the following
RLGC parameters:

R=36 mQ/m
L =430 nH/m
G=10 4O/m
C =69 pF/m

Calculate the transmission line parameters 7, @, S, and Z,.

Classify the line as lossless, weakly absorbing, distortionless, etc.
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Our equations mostly utilize the angular frequency w instead of the
ordinary frequency f.

o=27f=2r(2.0x10" s"')=12.5664x10° rad/s

The characteristic impedance 4 is

\/R+ joL
Zy= .
G+ joC
(36 mQ/m)+ (12.5664x10” rad/s)(430 nH/m)
- (10 yU/m)+j(12.5664><109 rad/s)(69 pF/m)

=|78.94+ j1.92x10™* Q

Note the imaginary part of Z, is very small indicating that our line is very low loss.
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The complex propagation constant yis

y = \/(R+ja)L)(G+ij)

(36 mQ/m)+ /(12.5664x10° rad/s)(430 nH/m)]|

1 (10 z&5/m)+ j(12.5664x10° rad/s)(69 pF/m)]

=16.23x107* + j68.45 m™

From this result, we read off @ and S.
y=a+jB=623x10"+j68.45m™

a=623x10" Np/m Np is Nepers

ﬂ =68.45 l'ﬂd/m rad is radians




01- Python: Z0,gamma fromR L, GC

# Transm ssion Line: Z0,gamma fromR L, GC

# Sanpl e val ues: RG 59 coaxial cable

# I nput: R=36e-3 ohmim L=430e-9 Hm G=10e-6 S/m C=69e-12 F/m f=100e6 Hz
# Qut put:

# Z0=(78.94228228730861+0. 0038450155279376556) )

# ganmma=(0. 0006227261020735598+3. 4224620530010226j )

I nport cmath

pi =3. 14159265

whil e True:

L=float (input('L(H M
G=float (input(' 3 S/m
C=float (input('C(F/' m
whil e True:
f=float(input('f(Hz)=(negative to stop)'))
if f < O:

br eak

Z=compl ex(R, 2*pi *f*L); Y=conpl ex(G 2*pi *f*C)
Z0=cmat h.sqrt (2Z/Y); gamma=cmat h. sqrt (Z*Y)
print('Z0(ohm =", Z0)

print (' gamma(per neter)=", ganmg)

R=f | oat (i nput (' R(ohm rr)
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https://www. online-python.com o &8l A~3I=E 9 Fol copy
[ Run] o}o]& &9
ol Fol ©loly <4¥ pronpt 7} EAIEW 7|HER HolE ¥

=82 ofgf Fol #AH.

@Y ONLINE PYTHON BE™ f ‘9w & (#1s

=

= B 9 C C o =
main.py  +

1 # Transmission Line: Z®&,gamma from R,L,G,C

2 # Sample values: RG-59 coaxial cable

3 # Input: R=36e-3 ohm/m, L=438e-8 H/m, G=18e-6 S/m, C=68e-12 F/m, f=188e6 Hz

4 - # Output:

5 # Z8=(78.94228228730861+0.08384501552793765567)

6 # pamma=(0.8806227261820735598+3.42246205300182267)

7

g import cmath

9 pi=3.14159265

18 » while True:

11 R=float(input({ 'R{ohm/m)="))

12 L=float{input('L({(H/m)="))

13 G=float(input('G(S5/m)="))

14  C=float(input({'C(F/m)="))

15 - while True:

16 f=float(input{ f(Hz)=(negative to stop)'))
i i) B y e i 381 -

18 break

19 Z=complex(R,2*pi*f*L); Y=complex(G,2*pi*f*C)
28 Z@8=cmath.sqrt(Z/Y); gamma=cmath.sqrt(Z*Y)
21 print(’'Z8{ohm)=",7@)

22 print( ' gamma(per meter)=",gamma)

Ln: 22, Cok 35

‘ B stop H * Share

Command Line Arguments
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I+ =

W WS WS W WA WEE WA WS WA WA WA WA WA W W WER  WEE  WER W wes  wes
R{ochm/m})=
36e-3
L({H/m)=
438e-9
G(5/m)=
lae-6
C(F/m}=
lee-12
f(Hz)={negative to stop)
ladeo
Z8(chm)= (163.935903075283533+9.87061318733582383]) -
4 3

gamma(per meter)= (0.0009294786999524588+1.64806420654755337)
f(Hz)=(negative to stop)
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Python crath 25 &9l
- F=94 python cmath nodul es &
- A¥ FolM AAg AS AdEste] do &

c & w3schools.com/python/module_cmath.asp e v = @l A+ F A ¢

w3schools.com THE WORLD'S LARGEST WEB DE\

M HIML csS

MySQL Order By
MySQL Delete
MySQL Drop Table
MySQL Update
MySQL Limit
MySQL Join

Python MongoDB

MeongoDE Get Started
MeongoDEB Create Database

MongoDE Create
Collection

MongoDB Insert
MengoDE Find

MongoDB Query
MeongoDE Sort

MangoDB Delete
MongoDB Drop Collection
MeongoDE Update
MongoDB Limit

Python Reference

Python Cverview

Python Built-in Functions
Python String Methods
Python List Methods
Python Dictienary Methods
Python Tuple Methods
Python Set Methods
Python File Methods
Python Keywords

Python Exceptions
Python Glossary

Module Reference

Random Module
Requests Module
Statistics Module
Math Module

JAVASCRIPT SQL PHP  BOOTSTRAP H TO W3.CSS JQUERY MORE~ REFERENCES +

Millions of Hard to Find ¢, yerical
Parts Available 5055

Python cmath Module

Python cmath Module

Python has a built-in module that you can use for mathematical tasks for complex numbers.

The methods in this module accepts int, float, and complex numbers. It even accepts Python objects that hasa  complex () or
_ float_ () method.

The methods in this module almost always return a complex number. If the return value can be expressed as a real number, the return
value has an imaginary part of 0.

The cmath module has a set of methods and constants.

cMath Methods

Method Description

cmath.acos(x) Returns the arc cosine value of x

cmath.acosh(x) Returns the hyperbolic arc cosine of x

cmath.asin(x) Returns the arc sine of x

cmath.asinh(x) Returns the hyperbolic arc sine of x

cmath.atan(x) Returns the arc tangent value of x

cmath.atanh(x) Returns the hyperbolic arctangent value of x

cmath.cos(x) Returns the cosine of x

cmath.cosh(x) Returns the hyperbolic cosine of x

cmath.exp(x) Returns the value of EX, where E is Euler's number (approximately 2.718281...), and x is the
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