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Abstract— This paper presents a conventional analysis for 
narrowband operation using odd-even technique for the ideal 
structures of the Branch-line and Rat-Race Hybrids. 
Additionally, it presents the simulated results obtained whit 
Ansoft Designer® platform, using ideal transmission lines in 
order to characterize the hybrids through their merit 
parameters. 
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I. INTRODUCTION 
Most of the electronic applications of the modern 

telecommunications are focused in the capacity of using the wireless 
environment as a transparent channel of communications. The reason 
for the use of these technologies is the transparency for the user, 
portability and ubiquity. In general, every one of these communication 
systems has receivers and transmitters, that because the high 
frequencies and complexity of the modulation systems, create a need 
of development of circuits that allow the simplification of the 
implementation of all these systems. The circuits used are composed 
of digital circuits, mixed-signal circuits and circuits for RF (Radio 
Frequency). The improvement in manufacturing processes, has 
reduced significantly the size of digital circuits, while the sizes of the 
mixed-signal circuits and RF circuits have not decreased significantly 
[1]. Therefore in recent years, radio frequency (RF) circuits with 
compact size are in urgent demand; the portable devices especially 
require components with features of compact size and less cost [2]. 
Consequently, size reduction plays an essential and crucial role for the 
development of RF components. In planar microwave integrated 
circuits, the 180º and the 90º hybrids are usually implemented using 
Rat-race and Branch-line couplers [3]; However, the conventional 
implementation of these hybrid couplers occupies too much space, in 
order to reduce the size and volume of the hybrid couplers several 
techniques have been previously reported [2, 4-13]. As part of the 
research project "Design, simulation, implementation and evaluation 
of a hybrid of 180° based on fractal geometry" led by the 
Telecommunications Research Group (SISCOM) of the Pontificia 
Universidad Javeriana, it was undertook a systematic study of the 
merit parameters of Branch-line and Rat-Race ideal hybrids in order to 
analyze the cost associated with size reduction in other performance 
parameters. Recently works have appeared comparing different 
methods of miniaturization [13, 14], however, only compare some 
parameters of merit.  

As a partial result of this study, it is proposed in this paper a set of 
performance parameters as merit parameters in order to compare the 
miniaturized hybrids in a straight way.  The first part of this document 
shows the general analysis for narrowband operation using odd-even 
technique for the ideal structures of the Branch-line and Rat-Race 
Hybrids topology. The second part shows the set of proposed merit 
parameters. The third part presents the merit parameters of the ideal 

Branch-line and Rat-Race Hybrids couplers obtained by simulation 
whit Ansoft Designer® platform and finally, the last part presents the 
conclusions found by the researchers. 

II. ANALISYS OF THE HYBRIDS 

A. Description of the Hybrids 
A 90° hybrid or quadrature hybrid is a circuit that takes the input 

signal, and depending of the output, shifts its phase ±90°. Its 
traditional implementation is the Branch-Line, which is composes of 
four transmission lines of length λ/4, as shown in Fig. 1a. The 
equation (1) describes its scattering matrix. The 180° hybrid is a 
circuit that takes the input signal of the ports 1 and 4, and depending 
of the output, add or subtract them. Its traditional form is the Rat-race, 
shown in the Fig. 1b. The equation (2) describes the scattering matrix 
of the hybrid. 

 
Fig. 1 Branch-line hybrid [3] 

 ሾܵሿ ൌ െ1√2 ൦0݆10    0݆01    100݆    01݆0൪ (1)

 ሾܵሿ ൌ െ݆√2 ൦0110    100െ1    1001    0െ110 ൪ (2)

B. Hybrid analysis for narrowband operation using odd-even 
technique 
The analysis of these circuits is made using the analysis of the 

even and odd modes [3, 15], in which an incident probe voltage is 
used in different input ports and analyzed the different values of the 
scattering parameters for this input conditions. For the Branch-line in 
order to make the analysis, it is supposed the incident voltage in the 
port 1 as V1=Vs and in the port 4 as V4=0, the circuit is divided in 
two different circuits, the even mode circuit and the odd mode circuit, 
in which is supposed the incident voltage in the port 1 as Ve1=Vs/2 
and Vo1=Vs/2 and the incident voltage in the port 4 as Ve1=Vs/2 and 
Vo1=-Vs/2, for the even and odd mode respectably. The Fig. 2, 
shows the equivalent circuit of the even mode of the half circuit of 
the quadrature hybrid. To analyze the open ended λ/8 transmission, 
the impedance of this transmission line is solved in (3), and used to 
determine its ABCD matrix (4). The ABCD matrix of the series 



transmission line be found (5). Using (3), (4) and (5) it is calculated 
in (6) the total ABCD matrix. In a Similar way, the analysis is done 
for the odd mode circuit illustrated en la Fig. 3. Using (7), (8) and (5) 
it is calculated in (9) the total ABCD. Once the even and odd mode 
matrices are obtained, they are used to obtain the reflection and 
transmission coefficients for the even and odd modes. With these 
values the voltages in the ports can be found as (14),(15),(16)and(17). 
Finally solving (14), (15), (16) and (17) it is obtained the first row of 
the scattering matrix. Thanks to the symmetry of the circuit, the other 
scattering parameters can be found. 
 

 ܼ ൌ ଴ߟ ܼ௅ ൅ ଴ߟ݆ tanሺ݀ߚሻߟ଴ ൅ ݆ܼ௅ tanሺ݀ߚሻ ൌ െ݆ߟ଴ (3)

 ቂA ܥܤ Dቃெ೐ ൌ ൤ 1 ଴ߟ/0݆ 1൨ (4)

 ቂA ܥܤ Dቃ௅ ൌ ቈ 0 ଴ିଵ√2ߟ଴√2ିଵ݆ߟ݆ 0 ቉ (5)

 ቂA ܥܤ Dቃ௘ ൌ ቈ െ1 √2⁄ ଴ߟ݆ √2⁄݆/൫ߟ଴√2൯ െ1 √2⁄ ቉ (6)

 ܼ ൌ ଴ߟ ܼ௅ ൅ ଴ߟ݆ tanሺ݀ߚሻߟ଴ ൅ ݆ܼ௅ tanሺ݀ߚሻ ൌ ଴ (7)ߟ݆

 ቂA ܥܤ Dቃெ೚ ൌ ൤ 1 0െ݆/ߟ଴ 1൨ (8)

 ቂA ܥܤ Dቃ௢ ൌ ቈ 1 √2⁄ ଴ߟ݆ √2⁄݆/൫ߟ଴√2൯ 1 √2⁄ ቉ (9)

 Γ௘ ൌ ܣ ൅ ܤ ⁄଴ߟ െ ܥ଴ߟ െ ܣܦ ൅ ܤ ⁄଴ߟ ൅ ܥ଴ߟ ൅ ܦ ൌ െ1 √2⁄ ൅ ݆ √2⁄ െ ݆ √2⁄ ൅ 1 √2⁄െ1 √2⁄ ൅ ݆ √2⁄ ൅ ݆ √2⁄ െ 1 √2⁄ ൌ 0 (10)

 
T௘ ൌ ܣ2 ൅ ܤ ⁄଴ߟ ൅ ܥ଴ߟ ൅ ܦ ൌ 2െ1 √2⁄ ൅ ݆ √2⁄ ൅ ݆ √2⁄ െ 1 √2⁄ൌ െ1√2 െ √݆2 

(11)

 Γ௢ ൌ ܣ ൅ ܤ ⁄଴ߟ െ ܥ଴ߟ െ ܣܦ ൅ ܤ ⁄଴ߟ ൅ ܥ଴ߟ ൅ ܦ ൌ 1 √2⁄ ൅ ݆ √2⁄ െ ݆ √2⁄ െ 1 √2⁄1 √2⁄ ൅ ݆ √2⁄ ൅ ݆ √2⁄ ൅ 1 √2⁄ ൌ 0 (12)

 
T௢ ൌ ܣ2 ൅ ܤ ⁄଴ߟ ൅ ܥ଴ߟ ൅ ܦ ൌ 21 √2⁄ ൅ ݆ √2⁄ ൅ ݆ √2⁄ ൅ 1 √2⁄ ൌൌ 1√2 െ √݆2 

(13)

 ଵܸ ൌ ௦ܸ2 ሺΓ௘ ൅ Γ௢ሻ ൌ 0 (14)

 ଶܸ ൌ ௦ܸ2 ሺT௘ ൅ T଴ሻ ൌ ௦ܸ2 ൬െ1√2 െ √݆2 ൅ 1√2 െ √݆2൰ ൌ െ ௦ܸ √݆2 (15)

 ଷܸ ൌ ௦ܸ2 ሺT௘ െ T௢ሻ ൌ ௦ܸ2 ൬െ1√2 െ √݆2 െ 1√2 ൅ √݆2൰ ൌ െ ௦ܸ 1√2 (16)

 ସܸ ൌ ௦ܸ2 ሺΓ௘ െ Γ௢ሻ ൌ ௦ܸ2 ሺ0ሻ ൌ 0 (17)

 ଵܸ ൌ sଵଵ ௦ܸ ൌ 0 ՜  sଵଵ ൌ 0 (18)

 ଶܸ ൌ sଶଵ ௦ܸ ൌ െ ௦ܸ √݆2  ՜  sଶଵ ൌ െ √݆2 (19)

 ଷܸ ൌ sଷଵ ௦ܸ ൌ െ ௦ܸ 1√2  ՜  sଷଵ ൌ െ 1√2 (20)

 ସܸ ൌ sସଵ ௦ܸ ൌ 0 ՜  sସଵ ൌ 0 (21)

 
Fig. 2 Even mode of the 90° hybrid [16] 

 
Fig. 3 Odd mode of the 90° hybrid [16] 

 
For the Branch-line in order to make the analysis, Similar to the case 
of the 90° hybrid, we supposed an incident voltage in the port 1 as 
V1=Vs and in the port 3 as V2=0, the circuit is divided in two different 
circuits, the even mode and odd mode circuit, and it is supposed the 
incident voltages in the port 1 as Ve1=Vs/2 and Vo1=Vs/2 and in the 
port 2 as Ve2=Vs/2 and Vo2=-Vs/2, for the even and odd mode 
respectably, then the same analysis is done supposing a the incident 
voltages in the ports 3 and 4. The model used in the even mode is 
shown in the Fig. 4 and the model used in the even mode is shown in 
the Fig. 5. The ABCD matrixes for the even mode and odd mode are 
calculated in (22) and (23). Once the even and odd mode matrices are 
obtained, they are used to obtain the reflection and transmission 
coefficients for the even and odd modes. Finally solving (24), (25), 
(26)and (27) it is obtained the first row of the scattering matrix.  
 

 
ቂA BC Dቃୣ ൌ ൤ 1 0j/൫η଴√2൯ 1൨ ൥ 0 jη଴√2j൫η଴√2൯ିଵ 0 ൩ ൤ 1 0െj/൫η଴√2൯ 1൨

ൌ ቈ 1 jη଴√2j√2 η଴ൗ െ1 ቉ (22)

 
ቂA BC Dቃ୭ ൌ ൤ 1 0െj/൫η଴√2൯ 1൨ ൥ 0 jη଴√2j൫η଴√2൯ିଵ 0 ൩ ൤ 1 0j/൫η଴√2൯ 1൨

ൌ ቈ െ1 jη଴√2j√2 η଴ൗ 1 ቉ (23)

  Γୣ ൌ A ൅ B η଴⁄ െ η଴C െ DA ൅ B η଴⁄ ൅ η଴C ൅ D ൌ 1 ൅ j√2 െ j√2 ൅ 11 ൅ j√2 ൅ j√2 െ 1 ൌ െj√2 (24)

 Tୣ ൌ 2A ൅ B η଴⁄ ൅ η଴C ൅ D ൌ 21 ൅ j√2 ൅ j√2 െ 1 ൌ െj√2 (25)

 

 Γ୭ ൌ A ൅ B η଴⁄ െ η଴C െ DA ൅ B η଴⁄ ൅ η଴C ൅ D ൌ െ1 ൅ j√2 െ j√2 െ 1െ1 ൅ j√2 ൅ j√2 ൅ 1 ൌ j√2 (26)

 T୭ ൌ 2A ൅ B η଴⁄ ൅ C ൅ D ൌ 2െ1 ൅ j√2 ൅ j√2 ൅ 1 ൌ െj√2 (27)

 Vଵ ൌ Vୱ ൬12 െj√2 ൅ 12 j√2൰ ൌ 0 ൌ sଵଵ ௦ܸ ՜ sଵଵ ൌ 0 (28)

 Vଶ ൌ Vୱ ൬12 െj√2 ൅ 12 െj√2൰ ൌ െj√2 Vୱ ൌ sଶଵ ௦ܸ ՜ sଶଵ ൌ െj√2 (29)

 Vଷ ൌ Vୱ ൬12 െj√2 െ 12 j√2൰ ൌ െj√2 Vୱ ൌ sଷଵ ௦ܸ ՜ sଷଵ ൌ െj√2 (30)

 Vସ ൌ Vୱ ൬12 െj√2 െ 12 െj√2൰ ൌ 0 ൌ sସଵ ௦ܸ ՜ sସଵ ൌ 0 (31)

In the second case, the excitations are in the ports 2 and 4. The model 
used model used in the even and odd mode is shown in the Fig. 6. 
The ABCD matrixes for the even mode and odd mode are calculated 
in (32) and (33). Once the even and odd mode matrices are obtained, 
they are used to obtain the reflection and transmission coefficients for 



the even and odd modes. Finally solving and (34), (35), (36) y (37) it 
is obtained the first row of the scattering matrix. For the symmetry of 
the hybrid, we can deduce the others parameters. 

 
ቂA BC Dቃୣ ൌ ൤ 1 0െj/൫η଴√2൯ 1൨ ൥ 0 jη଴√2j൫η଴√2൯ିଵ 0 ൩ ൤ 1 0j/൫η଴√2൯ 1൨

ൌ ቈ െ1 jη଴√2j √2 η଴ൗ 1 ቉ (32)

 
ቂA BC Dቃ୭ ൌ ൤ 1 0j/൫η଴√2൯ 1൨ ൥ 0 jη଴√2j൫η଴√2൯ିଵ 0 ൩ ൤ 1 0െj/൫η଴√2൯ 1൨

ൌ ቈ 1 jη଴√2j √2 η଴ൗ െ1 ቉ (33)

 Γୣ ൌ A ൅ B η଴⁄ െ η଴C െ DA ൅ B η଴⁄ ൅ η଴C ൅ D ൌ െ1 ൅ j√2 െ j√2 െ 1െ1 ൅ j√2 ൅ j√2 ൅ 1 ൌ j√2 (34)

 Tୣ ൌ 2A ൅ B η଴⁄ ൅ η଴C ൅ D ൌ 2െ1 ൅ j√2 ൅ j√2 ൅ 1 ൌ െj√2 (35)

 Γ୭ ൌ A ൅ B η଴⁄ െ η଴C െ DA ൅ B η଴⁄ ൅ η଴C ൅ D ൌ 1 ൅ j√2 െ j√2 ൅ 11 ൅ j√2 ൅ j√2 െ 1 ൌ െj√2 (36)

 T୭ ൌ 2A ൅ B η଴⁄ ൅ η଴C ൅ D ൌ 21 ൅ j√2 ൅ j√2 െ 1 ൌ െj√2 (37)

 Vଵ ൌ Vୱ ൬12 െj√2 െ 12 െj√2൰ ൌ 0 ൌ sଵସ ௦ܸ ՜  sଵସ ൌ 0 (38)

 Vଶ ൌ Vୱ ൬12 j√2 െ 12 െj√2൰ ൌ j√2 Vୱ ൌ sଶସ ௦ܸ ՜  sଶସ ൌ j√2 (39)

 

 Vଷ ൌ Vୱ ൬12 െj√2 ൅ 12 െj√2൰ ൌ െj√2 Vୱ ൌ sଷସ ௦ܸ ՜  sଷସ ൌ െj√2 (40)

 Vସ ൌ Vୱ ൬12 j√2 ൅ 12 െj√2൰ ൌ 0 ൌ sସସ ௦ܸ ՜  sସସ ൌ 0 (41)

 
Fig. 4 Even mode for the excitation on the ports 1 and 2 

 
Fig. 5 Odd mode for the excitation on the ports 1 and 2 

 
Fig. 6 Even mode for the excitation on the ports 3 and 4. 

 
Fig. 7 Odd mode for the excitations on the ports 3 and 4. 

III. PROPOSED  MERIT PARAMETERS OF THE HYBRIDS 
For the Branch-line hybrid has two symmetry axis, as shown in 

the Fig. 8, this symmetry produces a similar performance in all the 

ports. For the Rat-race hybrid has one symmetry axis, shown in the 
Fig. 8, so the behavior of the ports 1 and 2 (sigma) and of the ports 3 
and 4 (delta) is the same. Furthermore, After a literature review about 
hybrids [2, 4-14, 17-25], it can be described by 19 parameters and by 
40 parameters respectively as listed in table 1. In order to obtain a set 
of reference parameters, the conventional hybrids with ideal 
transmission lines were simulated using the software Ansoft 
Designer®. All of these parameter must be inferred from the behavior 
of scattering parameters, the merit parameters for the hybrids are 
listed in table 1 and the scattering parameters obtained by simulation 
are presented in the figures 9 and 10 for the ideal branch line coupler 
and in figures 11 and 12 for the ideal rat-race coupler. 

  
Fig. 8 Symmetry axis of the Branch-line and Rat-race hybrids 

TABLE 1.  MERIT PARAMETERS OF  IDEAL BRANCH-LINE COUPLER (H90) AND 
OF  IDEAL RAT-RACE  COUPLER (H180) . 

 

Parameter Value H 90

Design Frequency (Fd) 2.4GHz

Operation Frequency (Fo) 2.4GHz
Hybrid Bandwidth (HBW) 0.26GHz
Hybrid Fractional BW (HFBW) 10.83%

Port Δ Port Σ
Magnitude Imbalance (MI) 0dB 0dB 0dB
MI Bandwidth (MIBW) <1.5dB 0.84GHz 0.88GHz 0.92GHz
MI Fractional BW (MIFBW) 35% 36,67% 38.33%
Phase Imbalance (PI) 90° 180° 0°
PI Bandwidth (PIBW) <10º 1.02GHz 0.76GHz 0.88GHz
PI Fractional BW (PIFBW) 42.5% 31.67% 36.67%

Port Δ Port Σ
Insertion Loss (IL2in) -3.01dB -3.01dB -3.01dB
IL Bandwidth (ILBW2in) <±0.05dB 0.42GHz 0.68GHz 1.72
IL Fractional BW (ILFBW2in) 17.5% 28.33% 71.67%
Insertion Loss (IL3in) -3.01dB -3.01dB -3.01dB
IL Bandwidth (ILBW3in) <±0.05dB 1.08GHz 2.54GHz 0.74GHz
IL Fractional BW (ILFBW3in) 45% 105.83% 30.83%

Port ΔΔ Port ΣΣ
Return Loss (RL) -292.18 -317.84dB -306.77dB
RL Bandwidth (RLBW) >15dB 0.44GHz 1.34GHz 0.96GHz
RL Fractional BW (RLFBW) 18.33% 55.83% 40%

Port ΣΔ Port ΔΣ
Isolation (I) -303.34 -319.14dB -321.30dB
Isolation Bandwidth (IBW) >20dB 0.26GHz 0.74GHz 0.68GHz
I Fractional BW (IFBW) 10.83% 30.83% 28.33%

Value H 90
Value H 180

INSERTION LOSS 

RETURN  LOSS

Parameter Value H 90
Value H 180

Parameter Value H 90
Value H 180

ISOLATION 

Parameter

2.4GHz
2.4GHz

0.68GHz
28.33%

Value H 180

OPERATION AND DESIGN

OUTPUT
Value H 180Value H 90Parameter



IV. CONCLUSSIONS 
In the development of circuits for wireless applications specially in 
the design of hybrid couplers, there is no a direct way to compare the 
performance different from the direct analysis of the behavior of the 
s-parameters, for this reason, in most of the studied literature, the 
authors do not make an in-depth comparison of their results to other 
implementations. The framework presented in this paper allows the 
in-depth comparison of different hybrid implementations, without the 
need of an exhaustive analysis of the behavior of the s-parameters, 
undependably of the specific context of the application of the hybrid. 

 
Fig. 9 S parameters for the ideal branch line 

 
Fig. 10. Phase and Magnitude Imbalance branch line 

 
Fig. 11 Sigma and Delta S parameters for the ideal rat-race 

 
Fig. 12 Phase and Magnitude imbalance for the ideal rat-race 
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